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This paper presents a chemo-mechano-biological framework for arterial

physiopathology. The model accounts for the fine remodelling in the multi-

scale hierarchical arrangement of tissue constituents and for the diffusion of

molecular species involved in cell–cell signalling pathways. Effects in terms

of alterations in arterial compliance are obtained. A simple instructive example

is introduced. Although oversimplified with respect to realistic case studies,

the proposed application mimics the biochemical activity of matrix metallo-

proteinases, transforming growth factors beta and interleukins on tissue

remodelling. Effects of macrophage infiltration, of intimal thickening and of

a healing phase are investigated, highlighting the corresponding influence

on arterial compliance. The obtained results show that the present approach

is able to capture changes in arterial mechanics as a consequence of the

alterations in tissue biochemical environment and cellular activity, as well

as to incorporate the protective role of both autoimmune responses and

pharmacological treatments.
1. Introduction
The healthy physiological response of the cardiovascular system is related to the

biomechanical performances of arterial structures [1]. Cardiovascular diseases

highly affect the correct functioning of the human body, being the leading

cause of deaths worldwide [2]. Although it is well known that pathologies are

driven by the biological activity of cells in response to both biomechanical and

biochemical stimuli [3], the etiology of a number of arterial pathologies is still

debated [2]. This is due to the complexity of the biomechanical/biochemical

environment of arterial tissues, and leads to the fact that therapeutic approaches

are usually driven by the risk ranges deduced via clinical records [2].

Many biochemical substances (such as oxygen, nutrients, hormones, enzymes,

proteins, growth factors and sometimes drugs) are dispersed in a living body, with

concentrations controlled by complex regulatory mechanisms. These substan-

ces play a crucial role in inflammatory states, mechanical dysfunctions and

degradation of constituents of the extracellular matrix (ECM) [3–5].

The ECM provides the necessary physical scaffolding and serves as a source

of crucial biochemical and biomechanical signals which, in turn, regulate tissue

morphogenesis, differentiation and homeostasis [4,6,7]. ECM remodels through

a change in tissue structure, achieved by the reorganization of existing constitu-

ents or by the synthesis of new constituents. Remodelling may or not alter the

mass density, but it does change tissue stiffness and strength properties which

are mainly conferred by the elastin network and collagen fibres.
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The dysregulation of ECM degradation and deposition

leads to pathological remodelling of cardiovascular tissues

which remain an open issue still under investigation [4,8–14].

In turn, ECM structure has a major influence on tissue mechan-

ical properties and is affected by the biochemical activity of

soluble molecules. For instance, the synthesis/degradation of

ECM constituents is regulated by cell–cell signalling pathways

involving matrix metalloproteinases (MMPs), transforming

growth factors-b (TGFs-b), interleukins (ILs) and many other

molecules [4,8–17].

As a consequence, molecular transport phenomena highly

affect the macroscale mechanics of organs and macrobiological

structures. Moreover, as cells respond to mechanical stimuli

by altering the biochemical environment, mechanical quan-

tities also affect transport phenomena in a closed feedback

loop [7,15].

As illustrative examples, an increased production of ILs by

macrophages and of MMPs by smooth muscle cells (SMCs)

characterize inflammatory states which play an important

role during the development of aneurysms [10,18]. Further-

more, the coupling of these inflammatory states with

pathological conditions that alter molecular diffusion mechan-

isms (e.g. reduced permeability due to intimal atherosclerotic

or hyperplastic thickening) enhances arterial dilation [18,19].

On the other hand, autoimmune or pharmacological mechan-

isms increasing the production of TGF-b play a protective role

versus aneurysm formation [20].

Under this perspective, the analysis of physiopathological

mechanisms in arterial structures should be addressed via a

multiphysics strategy taking into account the interaction

between transport processes and mechanics. This would

surely lead to a better understanding of the onset of many

pathologies and to the development of novel therapeutic

and clinical approaches.

Accordingly, starting from the strategy traced by authors in

[21] and in the framework of continuum mechanics, a novel

chemo-mechano-biological formulation addressing arterial

physiopathology is employed in the present paper. The

proposed approach faces two common limitations of available

models for describing arterial growth and remodelling

in disease [22–31].

First of all, in the existing literature, molecular transport

mechanisms involved in cell–cell signalling pathways

are generally not accounted for in growth–remodelling

approaches. An insight into the biophysical factors that influ-

ence the molecular transport can be gained by modelling and

computational approaches for the solution of reaction–diffu-

sion equations, as already applied in contexts not associated

with growth–remodelling [32–37].

Moreover, available growth–remodelling models are

based on a description of tissue nonlinear mechanics via

strain-energy functions that disregard any direct relationship

with micro- and nanoscale mechanisms. The nonlinearities of

constituents are indeed generally taken into account by

choosing a suitable analytical form of the strain-energy

density (e.g. polynomial, exponential) as in a phenomenolo-

gical approach [38–41]. Therefore, existing growth and

remodelling approaches are generally able to account only

for coarse changes on tissue composition or, at most, for

the realignment of collagen fibres [22–31]. As a consequence,

these models cannot analyse the macroscopic effects of fine

alterations in tissue histological and biochemical features,

instrumental in cardiovascular pathologies [13,42–46]. As a
matter of fact, as stated by Cyron et al. [23], it is generally

assumed that mass turnover does not change the general mechan-
ical behaviour of a constituent (i.e. its strain energy function), only
its average stress-free configuration. By contrast, multiscale hom-

ogenization techniques have been recently proposed by some

authors in order to derive tissue mechanics as a function of

nano- and microscale mechanisms and, hence, introducing

fine histological, biochemical and biophysical properties as

model parameters [47–53].

This paper presents a first application of the general multi-

physics modelling strategies traced by the authors in [21]

for the description of the alterations of arterial mechanics

due to physiopathological mechanisms. The aim is to show

the capability of the employed formulation in shedding a

light on the role of (i) imbalances of cell–cell signalling

pathways, modelled by accounting for the transport of mol-

ecular species within tissues, and (ii) alterations in the

general mechanical behaviour of constituents (i.e. tissue

strain energy), incorporated by means of the multiscale consti-

tutive description developed by some of the authors [47–53].

In particular, constitutive alterations are accounted for

by instructing the model with fine changes in histological/

biochemical properties during ECM remodelling, and discri-

minating these effects from possible mass/density changes.

Therefore, the perspective of this paper is complementary

to the one in the mainstream of growth and remodelling

approaches [22–31].

An instructive example is introduced (see §2), with geome-

try and simulation conditions considered as simple as possible,

in order to focus on the role of the mechanisms of interest.

Remarkably, an analytical solution could be obtained. The pro-

posed case study addresses some crucial chemo-biological

phenomena involved in the evolution of arterial pathological

dilation: the onset of an inflammatory state (e.g. associated

with the infiltration of macrophages); alterations in the wash-

out of molecules in the arterial lumen (e.g. induced by the

presence of atherosclerotic plaques); an increased production

of growth factors (e.g. induced by a pharmacological treat-

ment). ECM remodelling is driven by intra-arterial-wall

transport of MMPs, TGFs-b and ILs. Fine alterations in tissue

microstructure (e.g. in thickness of collagen fibres) and in bio-

chemical properties (e.g. in the density of intermolecular cross-

links) are accounted for, together with variations in collagen/

elastin volume fractions and in the dispersed arrangement of

collagen fibres. Effects on the compliance of an artery-like

cylindrical structure are analysed.

Although the application is highly simplified and not

representative of realistic scenarios, presented results (see

§3) show the potentialities offered by the present multi-

physics chemo-mechano-biological formulation (see §4).

Technical details of the proposed model and the corres-

ponding governing equations are reported in §5 (Material

and methods).
2. Arterial multiphysics behaviour
Arteries are cylinder-like structures, usually composed of three

layers: the tunica intima, tunica media and tunica adventitia

(from inner to outer) [54–57]. From a mechanical viewpoint,

the main constituents of arterial tissues are collagen and elastin

(figure 1). While elastin forms a quasi-isotropic network,

collagen is found in the form of fibres. The latter are characterized

http://rsif.royalsocietypublishing.org/
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by a crimped microstructure and are helically wrapped around

the vessel axis. In both media and adventitia, collagen fibres

are mainly aligned along a well-defined orientation, although a

non-negligible angular dispersion has been widely reported

[54,55]. In particular, the main direction of collagen fibres is

close to the circumferential direction in the media and to the

axial one in the adventitia, resulting in arterial compliance

mainly affected by the mechanics of the tunica media.

As schematically depicted in figure 1, the pressure–radius

relationship of an arterial segment is characterized by a rela-

tively high distensibility at low pressures (mainly associated

with the elastin content) and a stiffening response for high

pressures (related to the progressive stiffening induced by the

straightening of crimped collagen fibres) [56,58]. Accordingly,

the arrangement and composition of ECM has a strong influ-

ence on the macroscopic functional behaviour of arterial

segments. In turn, ECM remodels due to cell–cell signalling

pathways [4,8,9,12–14] which involve transport mechanisms

[59]. Although most of these pathways are still not completely

clarified, it is generally recognized that cells respond to altera-

tions in biochemical and loading conditions via altered gene

expression, and hence producing molecules that intervene in

ECM remodelling [10,11,60,61]. Under homeostatic conditions,

the balance between ECM degradation and reinforcement is

promoted by the equilibrium of cell–cell signalling pathways.

A loss of the control of these activities may result in diseases.

2.1. Case study
The case study addresses cell–cell signalling pathways invol-

ving MMPs, TGFs-b and ILs and their effects on ECM
remodelling mechanisms that determine arterial dilation

towards the etiology of aneurysms. A schematic of the case

study is provided in figure 2.

Two cell–cell signalling pathways are considered: macro-

phages in the adventitia produce ILs that, in turn, activate

SMCs in the media to synthesize MMPs [60,61]; endothe-

lial cells in the intima produce TGFs-b that inhibit the

synthesis of MMPs by SMCs in the media [9–11]. Therefore,

introducing c1, c2 and c3 as the concentrations of MMPs,

TGFs-b and ILs, respectively, the molecular transport pro-

blem T is defined in terms of the following relationships

(figure 2):

T:

c1 decreases when c2 increases,
c1 increases when c3 increases,
c2 increases when the activity of endothelial cells increases,
c3 increases when the activity of macrophages increases:

8>><
>>:

ð2:1Þ

The solution of transport problem T gives the value of the

vector c ¼ (c1, c2, c3) which describes the tissue biochemical

environment at hand.

The ECM structural features subject to remodelling are as

follows: the volume fraction VE of elastin network; the

volume fraction VC of collagen fibres; the radius measure rF

of collagen fibres (i.e. half of the fibre thickness); the density

Lc of inter-molecular cross-links between collagen molecules;

and a measure mF of the standard deviation of the fibre orien-

tation distribution. In detail, assuming a bimodal distribution

for the latter, m21
F is directly proportional to the number of

fibres aligned along the two preferred directions. These

http://rsif.royalsocietypublishing.org/
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structural features will be denoted as sj (with j ¼ 1 . . . 5) and

they are collected in set S defined as (figure 2)

S ¼ {s1 ¼ VE, s2 ¼ VC, s3 ¼ rF, s4 ¼ Lc, s5 ¼ m�1
F }: ð2:2Þ

To include the effects of molecular pathways on remodel-

ling, a chemical-driven target value of histological/

biochemical features sj in S is introduced. In particular, the

target value for sj is �sj þ I j(c). Here, �sj is a reference value cor-

responding to the homeostatic mechanical behaviour, and I j(c)

is the homeostatic imbalance. The latter depends on tissue bio-

chemical environment c, and thereby it is governed by cell–cell

signalling pathways. Clearly, the healthy state occurs when the

value of c is such that I j(c) ¼ 0, i.e. when cell–cell signalling

pathways are balanced, resulting in sj ¼ �sj. On the other

hand, cell imbalances determine I j(c) = 0, and thereby an

evolution towards a non-healthy tissue structure characterized

by sj = �sj.

In the specific case study herein addressed, remodelling

laws for sj are driven by the following biochemically motivated

evidence: MMPs are proteinases that activate ECM degra-

dation [4,14,16,17] and that determine the disorganization of

ECM constituents [8,12]. On the other hand, TGFs-b activate

SMCs to promote ECM deposition [10,11], to affect ECM

cross-linking biochemistry [13] and to repress ECM degra-

dation [9]. Accordingly, the value of sj increases when the

concentration c2 of TGFs-b increases, and/or when the concen-

tration c1 of MMPs decreases. While MMPs degrade ECM

constituents in a direct way, TGF-b activity is mediated

by SMCs, characterized by the volume fraction VS. In sum-

mary, as also depicted in figure 2, problem R for remodelling
is formulated by defining the homeostatic imbalance I j(c)

such that (with j ¼ 1, . . . , 5):

R :
sj decreases when c1 increases,
sj increases when VSc2 increases:

�
ð2:3Þ

In particular, since physiopathological remodelling is herein

addressed (i.e. reference is not made to a natural turnover

process), remodelling is defined in the framework of a

threshold-based approach: it is activated when c1 and c2,

respectively, reach thresholds CR1 and CR2. The solution of

the remodelling problem gives the value of set S (see

equation (2.2)) which describes tissue structure, and hence

tissue mechanics, at hand.

Arterial compliance is obtained from the solution of

the mechanical problem M, defined by considering an axisym-

metric arterial segment and providing the relationship

between the corresponding luminal pressure Pi and the internal

radius ri (figure 2). A multiscale approach is employed for

describing the mechanics of arterial tissues, hence obtaining

an explicit dependence on the values of structural features in

set S (see equation (2.2)). As sketched in figure 2, arterial mech-

anics M is coupled with remodelling laws R in equation (2.3),

in turn, affected by transport mechanisms T in equation (2.1).

The addressed pathological mechanism corresponds to

biochemical alterations occurring over time t[[2 T, 3T ], T
being a characteristic time interval. In detail, three events

are simulated (figure 2):

at t ¼ 0: as a consequence of an inflammatory process in the

tissue, the infiltration of macrophages in the adventitia

determines an increase in the production of ILs [60,61];

http://rsif.royalsocietypublishing.org/
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at t ¼ T: the pre-existing inflammatory condition couples

with the thickening of the tunica intima which, in turn,

determines a reduced intima permeability [18,19];

at t ¼ 2T: as a consequence of possible autoimmune mechan-

isms or pharmacological treatments, the production of

TGFs-b by endothelial cells in the intima increases [20].

Therefore, four temporal intervals, corresponding to different

stages of the entire physiopathological mechanism, can be

recognized: S0 for for t[[2 T, 0), S1 for t[[0, T ), S2 for

t[[T, 2T ) and S3 for t[[2T, 3T ]. As initial conditions, basal

cellular activity and homeostatic tissue structure are assumed

at t ¼ 2 T.
3. Results
For the sake of presenting results, the normalized thickness

coordinate r is introduced, where r ¼ 0 corresponds to the

intima–media interface and r ¼ 1 to the media–adventitia

one. Moreover, the through-the-thickness average values

sav
j (t) are introduced for analysing the variation of the

structural features sj due to remodelling.

Two additional auxiliary quantities are function r100
i (t),

i.e. the time-evolution of the internal radius r100
i at the physio-

logical pressure Pi ¼ 100 mmHg, and function nb(bo), i.e. the

along-the-thickness mean number nb of collagen fibres inclined

by bo with respect to the arterial circumferential direction.

The latter function is affected by the dispersion of fibre orien-

tation, measured by mF, and hence it generally varies with

remodelling. The distribution of fibre orientation assigned at

homeostasis (i.e. obtained with the reference value �mF) is

shown in figure 3 and compared with experimental data

in [54]. The occurrence of two well-defined experimental

preferred directions at bo ¼+b̂F �+25� justifies the adopted

circular bimodal distribution. Readers may refer to §5.6.1 for

more details on model parameter calibration.
3.1. Homeostatic state: stage S0
As shown in figure 4, the obtained steady concentration pro-

file c1 (respectively, c3) highlights that TGFs-b (respectively,

ILs) diffuse in the media layer starting from the source at

the intima–media interface for r ¼ 0 (respectively, at the

media–adventitia interface for r ¼ 1). In turn, the resulting

concentrations of TGFs-b and ILs at the homeostatic state

determine a symmetric concentration profile of MMPs

(i.e. c1) with the maximum value at r ¼ 0.5.

Based on the obtained solution of the transport problem,

a null remodelling is predicted because it results c1 � CR1 and

c2 � CR2. Therefore, the values of all structural features do not

change with respect to the homeostatic state (as shown in

figure 5 for t[[2 T, 0] in terms of average values sav
j ).

Accordingly, both constitutive properties and arterial

mechanical response are constant in time, leading to the

pressure–radius relationship shown in figure 6 for t ¼ 0.

The predicted arterial compliance fully agrees with avail-

able experimental data reported in [58]. This proves the

effectiveness of the present approach in capturing a realistic

mechanical behaviour of thoracic aortic segments. It is worth

noting that the same would be obtained for lower TGFs-b

and ILs basal production.

3.2. Macrophage infiltration: stage S1
An increased activity of macrophages induces a higher source

of ILs with respect to S0 from the adventitial layer, and

thereby a higher concentration of ILs in the tunica media

(figure 4). Clearly, in agreement with equation (2.1), TGFs-

b are unaffected. Accordingly, the source term for MMPs

increases, resulting in increased values of c1 with respect

to the homeostasis.

MMP concentration overrides the threshold concentration

level, thereby inducing remodelling (i.e. c1 . CR1). Such an

occurrence leads to a progressive degradation of tissue

constituents, as shown in figure 5 in terms of average

values sav
j . Owing to a non-homogeneous remodelling

http://rsif.royalsocietypublishing.org/
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stimulus, the values of structural features become non-

uniform in space, with a normalized difference between

minimum and maximum values of sj within the media after

the remodelling of approximately 10% (figures 7 and 8). In

fact, since MMP concentration is higher in the central

region of the arterial thickness, elastin and collagen volume

fractions, intermolecular cross-links density and fibre radius

decrease with a minimum at r ¼ 0.5 (figure 7), while the stan-

dard deviation measure mF of fibre orientation distribution

increases with a maximum at r ¼ 0.5 (figure 8). For the sake

of clarity, the evolution of the corresponding circular distri-

bution of the average number nb of collagen fibres versus the

fibre angle bo is reported in figure 8. Therefore, it appears

that the remodelling mechanism induces a more isotropic
fibre distribution with respect to the homeostatic state,

with the number of fibres along the preferred directions

+b̂F �+25� decreasing up to 40%.

As a result of the simulated remodelling process, arterial

mechanics is significantly affected. The corresponding

time-dependent pressure–radius relationship is reported in

figure 9. As a matter of fact, figure 5 shows that the internal

radius r100
i at the physiological pressure of Pi ¼ 100 mmHg

enlarges at the steady state (for t ¼ T ) by approximately

10% with respect to the homeostatic case.

3.3. Intimal thickening: stage S2
The reduced permeability of the tunica intima, induced by

intimal thickening, significantly affects the solution of the

transport problem for ILs. Although IL source term is unaf-

fected (the production by macrophages in the adventitia is

the same as the one in stage S1), IL concentration increases

in the tunica media (figure 4). This outcome yields further

degradation of constituents (see figure 5 for t[[T, 2T ]) and

thereby, from a mechanical point of view, further aortic

enlargement (see curve Pi versus ri in figure 6 at the end of

stage S2, i.e. at t ¼ 2T ). In particular, as shown in figure 5,

radius r100
i enlarges by approximately 15% with respect to

the homeostatic state.

3.4. Healing mechanism: stage S3
The increased activity of endothelial cells is reflected in an

increased concentration of TGFs-b in the tunica media, which

counterbalance the high IL concentration in the production of

MMPs. Therefore, MMP concentration significantly decreases

with respect to stage S2 (figure 4). Consequently, due to the

lower amount of MMPs and the increased amount of TGFs-b

(i.e. c2 . CR2), a healing process is triggered and the value of

structural features tends towards the homeostatic value (see

figure 5 for t[[2T, 3T ]). Therefore, as shown in figure 6, the

physiological homeostatic arterial compliance behaviour is

almost recovered at the end of stage S3 (i.e. at t ¼ 3T ). For

instance, at Pi ¼ 100 mmHg, the healing mechanism allows to

recover approximately 7% of aortic enlargement and r100
i is

only 3% larger than the one at the homeostatic state S0

(figure 5).
4. Discussion and conclusion
The aim of the present work has been to develop an effective

strategy for describing arterial physiopathological remodelling

associated with alterations in tissue biochemical environment.

The proposed model gathers a multiscale constitutive descrip-

tion of arterial tissues (that allows to account for main

histological and biochemical properties of collagen [47–53])

together with a mechanistic modelling of cell–cell signalling

pathways (involving molecular transport phenomena in the

arterial thickness [33,34]). In turn, molecular pathways drive

biochemically motivated remodelling laws of tissue structural

features, and hence affect arterial mechanics, possibly

determining the imbalance from the homeostasis.

With respect to the existing approaches [22–31], the

employed strategy allows us to predict arterial chemo-

mechano-biological response from a novel and unexplored

perspective, where local, non-homogeneous and fine variations

of histological and biochemical properties can be accounted

http://rsif.royalsocietypublishing.org/
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for. As a matter of fact, even addressing very recent and refined

chemo-mechano-biological modelling frameworks, such as

the one proposed in [25], available approaches do not account

for molecular reactive–diffusive transport mechanisms and

describe tissue constitutive nonlinear response by means of a

phenomenological form of the strain energy density associa-

ted with collagen fibres. On the contrary, the present paper

highlights the key role of alterations in tissue constitutive behav-

iour, as well as diffusivity/permeability properties, in the

non-functional macroscale mechanical response experienced

during pathological events. These aspects are often overlooked

with respect to the effects of mass/density changes.
Numerical results have been obtained by addressing a case

study which shows the effects of ECM remodelling, induced

by intra-arterial-wall transport of MMPs, TGFs-b and ILs, on

the compliance of an axisymmetric arterial segment. Remark-

ably, addressing an inflammation mechanism described by the

increased production of cytokines by macrophages, the model

predicts that the proteolytic activity of MMPs induces an aortic

enlargement of approximately 10%. This outcome fully agrees

with clinical evidence that recognizes the key role of macro-

phages and MMPs in mediating ECM degradation during

aneurysm formation [10,18]. Moreover, obtained results indicate

that intimal thickening turns to be a complication which
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promotes further aortic dilation (that reaches up to 15% with

respect to the homeostatic case in the proposed application), in

agreement with clinical data that correlate hyperplastic neoin-

tima formation and atherosclerotic plaques with aneurysmal

development [18,19]. Furthermore, model results predict that

aortic dilatation reduces to only 3% when MMP activity is coun-

terbalanced by TGFs-b. This further outcome also agrees with

evidence on the protective role of TGFs-b, the increased pro-

duction of which might represent an autoimmune mechanism

or be a consequence of a pharmacological treatment [20].

Future studies will address some limitations of the present

work that can be straightforwardly incorporated by means of

well-established approaches: the active contraction of SMCs

and the unsteady effects due to fluid–structure interaction

have not been considered [26,62]; possible damage and repair

of ECM constituents have been neglected [24]; the mass

growth and the natural turnover of ECM constituents have

not been addressed [28,29], making it impossible to analyse

ageing mechanisms, such as collagen production in response

to progressive elastin lost [63]; no distinction has been made

between latent and active concentrations or between pro- and

anti-inflammatory forms of molecular species [25]; arterial geo-

metry is idealized and only the media layer is addressed [32,64];

and the dispersed distribution of collagen fibres in tissues is

simplified with respect to recent evidence on non-symmetric

distributions [65,66].

Furthermore, no mechanical feedback in the transport

problem has been introduced, arterial multiphysics response

being reduced to an open-loop coupled system, in which the

transport problem affects mechanics but not vice versa.

General modelling strategies to overcome this limitation

have been addressed in [21], but this is surely an open issue

that merits significant efforts in the future. Analogously,

remodelling might alter tissue diffusivity and permeability

properties, forming a further feedback loop (of remodelling

on transport) that should be accounted for. Furthermore, the

mutual interaction of chemical and mass fluxes, as well as

inelastic mechanisms associated with growth and remodelling,

shall be considered within a general theoretical framework able

to describe the thermodynamics of living systems, and thereby

able to rigorously discuss the thermodynamic balance of the

coupled formulation [67–70]. Finally, more data on the reac-

tive–diffusive properties of molecular species, as well as on
the cellular activity, are much needed in order to increase the

quantitative reliability of obtained results.
5. Material and methods
5.1. Modelling assumptions
An artery-like structure is addressed as an illustrative example,

representing an instructive case study aiming to capture the

main mechanisms under investigation by means of an analytical

solution. The main assumptions are summarized in the following

(figure 2).

— The reference (stress-free and load-free) configuration is a

hollow open cylinder with internal radius ri,o, external radius

re,o and opening anglea. The (stressed and loaded) current con-

figuration corresponds to a hollow closed cylinder with

internal ri and external re radii and described by a cylindrical

coordinate system.

— A uniform internal pressure Pi is applied to the inner surface of

the cylinder. It is worth highlighting that, due to the pulsatile

nature of blood flow, the applied pressure should indeed be

non-uniform. Nevertheless, the uniform applied pressure can

be regarded asthe corresponding average measure along the car-

diac cycle, so that the resulting mechanical quantities are, in turn,

time-averaged values, in agreement with the aim of investigating

possible variations of quasi-static arterial compliance.

— Tissue is characterized by an anisotropic mechanical response

due to the presence of collagen fibres, lying on cylindrical sur-

faces coaxial with the arterial segment and being arranged

along multiple directions. The circular distribution of fibres’

orientation is assumed to be bimodal and symmetric with

respect to the circumferential direction, the latter being close

to the peak angles of the distribution. Therefore, material be-

haviour results orthotropic, with symmetry axes aligned with

the basis of the cylindrical coordinate system. Moreover, fibre

arrangement, and thereby material response, is assumed to

be independent from the circumferential coordinate.

— Concentration cq of each molecule in the tissue is obtained from

a reactive–diffusive transport problem formulated by consid-

ering a constant diffusivity tensor Dq. The latter describes an

anisotropic diffusion, with principal directions aligned with

the basis of the cylindrical coordinate system [32]. The variation

of cylinder thickness d ¼ re 2 ri is neglected in the solution of

the transport problem, assuming d � do ¼ re,o 2 ri,o. Transport

boundary conditions are constant in space, with null flux

through cylinder end cross sections.

Under the present assumptions, the problem is planar in the

cylinder cross-section plane and axisymmetric. Hence, all variables

in the current configuration spatially depend (at most) only on

the radial coordinate, denoted by r[[ri, re] in the current configur-

ation and associated with the positions identified by ro[[ri,o, re,o]

in the reference configuration. Therefore, let r ¼ (ro 2 ri,o)/do be

the dimensionless radial coordinate, such that r ¼ 0 and r ¼ 1 cor-

respond to the inner and outer surfaces, respectively, in the

reference configuration. Despite significant simplifying assump-

tions, the cylindrical segment can be regarded as representative

of the tunica media, the latter being addressed due to its key role

on arterial compliance properties. Therefore, surfaces at r ¼ 0

and r ¼ 1 can be retained as representative of the intima–media

and of the media–adventitia interfaces, respectively.

As notation rules, first- and second-order tensors are indi-

cated, respectively, in lowercase and uppercase bold-face, while

scalars are indicated as normal-face. Determinant, transpose

and trace of a second-order tensor A are denoted, respectively,

by Det(A), AT and Tr(A). Symbol � denotes tensor product

and the diagonal matrix with entries a, b and c is given by

http://rsif.royalsocietypublishing.org/
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Diag(a, b, c). Finally, symbols @ and d correspond to partial and

total derivatives.

Moreover, as subscripts and indexes rules (see §2.1), q
denotes different molecules and ranges over 1, 2, 3; j refers

to the structural features undergoing remodelling and ranges

over 1, . . . , 5; k indicates different stages of the addressed

physiopathological mechanism and takes values in 0, . . . , 3.
 ublishing.org
J.R.Soc.Interface

14:20170615
5.2. Modelling framework
Let F be the deformation gradient associated with arterial mapping

from the reference to the current configuration. In the framework of

a constrained mixture approach [22,23], each volume element is

regarded as a constrained mixture of two constituents: collagen

fibres (subscript C ) and non-collagenous matrix (e.g. elastin and

SMCs, subscript M ). As an index rule, subscript i takes values

in fC, Mg.
Different deposition/resorption times of constituents during

growth and remodelling lead to different stress-free states of

each constituent. In this framework, Cyron et al. [22,23] formulated

a homogenized constrained mixture approach by introducing

deformation gradients Fi of individual constituents, multiplica-

tively split in (i) inelastic contributions Fgr
i , that allow us to

capture growth/resorption associated with a change in tissue

mass and to consider remodelling due to mass turnover, and

(ii) elastic contributions Fe
i , required to assemble the individual

constituents into a contiguous body and to describe the subsequent

deformation associated with external loads. Owing to compatibil-

ity, the total deformation gradient F coincides with one of the

different constituents Fi, namely

F ¼ Fe
CF

gr
C ¼ Fe

MF
gr
M: ð5:1Þ

Owing to high water content, arterial tissues are typically mod-

elled as incompressible materials. Therefore, elastic deformations

are supposed to be isochoric, that is Det(Fe
i ) ¼ 1 [23].

The second Piola–Kirchhoff stress S ¼ 2@CT/@C is computed

from the (volume-specific) strain energy density function CT. The

latter depends on the Cauchy–Green deformation tensor C ¼ FTF

via the constituent-specific elastic right Cauchy–Green tensors

Ce
i ¼ (Fe

i )
TFe

i . Moreover, in order to account for the effects of remo-

delling on the constitutive response, the explicit dependence on

the set S of structural features introduced in equation (2.2) is

highlighted, namely:

CT ¼ CT(Ce
C, Ce

M,S): ð5:2Þ

Although the authors are aware of the instrumental role of

mass/density changes, it is recalled that the present paper aims

to highlight the role of remodelling-induced tissue constitutive

response. Therefore, within the limitations of the proposed formu-

lation and in order to isolate the effects under investigation, the

present paper does not address mass turnover and growth, for

which the reader can refer to the literature [22–31,67–70]. In

detail, the variation of the mechanical response due to alterations

in the stress-free reference configuration of the single constituents

is not accounted for, assuming that inelastic contributions to the

deformation gradients remain equal to the identity, that is Fgr
i ¼

I. It is worth highlighting that, in the present framework,

Det(F) ¼ Det(Fe
i ) ¼ 1 ð5:3Þ

and hence constitutive incompressibility corresponds to null

changes in the total volume. Such an assumption is surely an expli-

cit violation of real processes [70] but it is adopted in the light of the

scope of present application which aims to isolate the effects of fine

remodelling mechanisms on macroscale behaviour.

Tissue biochemical environment is determined from the sol-

ution of a molecular transport problem T which gives the

concentration of biologically active molecules, collected in

vector c. The latter drives remodelling laws R, and thereby the
value of structural features S. The altered structure of tissues

affects their constitutive response (see equation (5.2)), and

thereby arterial macroscale mechanics M. In particular, a multi-

scale homogenization approach allows to introduce the explicit

dependence of CT on S.

Moreover, the principle of separation of time scales is

employed: remodelling occurs within characteristic time intervals

(i.e. months to years) larger than the ones of transport (i.e. hours to

days), in turn, larger than the ones of mechanics (i.e. seconds

even accounting for pulsatile blood flow). The time variable t is

introduced as comparable with the time scale of remodelling.

Owing to the separation of time scales and since the solution

of the transport problem T is here adopted for obtaining the

stimulus driving remodelling, problem T is conveniently solved

under steady-state assumptions in each physiopathological

stage (from S0 to S3, see §2.1). As a matter of fact, under constant

boundary conditions, transport problem leads to a steady state

which is physically reached within a time length much lower

than the remodelling characteristic time T.

Therefore, T is formulated as steady, by enforcing boundary

conditions as constant for t[Tk ¼ [(k 2 1)T, kT], but different

for different values of k (namely, different for each stage from S0

to S3). Accordingly, the biochemical quantities affecting problem

R within the time interval Tk are assumed to be represented by

the corresponding steady-state concentrations c computed from T.

Within each time interval t[Tk, the solution strategy is as

follows:

1. the steady-state transport problem T is solved, obtaining c ¼

c(r), see §5.3;

2. tissue biochemical environment c(r) drives the remodelling R

of tissue structure, leading to S ¼ S(r,t), see §5.4;

3. the remodelling of tissue structure affects arterial mechanics

M, obtained in terms of compliance, that is by referring to

the function Pi ¼ Pi(ri, t), see §5.5.

5.3. Molecular transport
Following the evidence stated in equation (2.1) addressed in the

present case study (figure 2), problem T is defined, analogously

to [32–37], as

Dr
1

d2
o

@2c1

@r2|fflfflfflffl{zfflfflfflffl}
diffusion

þh13VS Rþ(c3)
zfflfflffl}|fflfflffl{ILs

(Csat � c1)
zfflfflfflfflfflffl}|fflfflfflfflfflffl{saturation

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
source

� [ z1

z}|{decay

þh12VS R�(c2)
zfflfflffl}|fflfflffl{TGFs-b

]c1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
consumption

¼ 0

ð5:4aÞ

and

Dr
v

d2
o

@2cv

@r2|fflfflfflffl{zfflfflfflffl}
diffusion

� zvcv|{z}
consumption (decay)

¼ 0 with v ¼ 2,3, ð5:4bÞ

where Dr
q is the radial component of tensor Dq (see §5.1). The pro-

duction and degradation of MMPs is driven by TGFs-b and ILs

by introducing functions R2(c2) and Rþ(c3), respectively. Func-

tions R+ (cv) are defined on the basis of a linear relationship

governed by the across-the-thickness average concentrations cav
v

of TGFs-b (v ¼ 2) and ILs (v ¼ 3), that is R+ (cv) ¼ cav
v /gv.

Here, gv are stimulative concentration values that correspond to

a unitary remodelling stimulus, that is such that R+ ¼ 1 when

cav
v ¼ gv. Moreover, these terms are scaled with the volume frac-

tion VS of SMCs, because these pathways are mediated by SMCs.

Furthermore, constants h1v govern the kinetics of source/

consumption of MMPs (c1) from concentration cv, i.e. represent

reaction kinetics rate constants.

To account for natural molecular degradation, a linear

decay term, regulated by the proportionality constant zq, is also

accounted for. Finally, aiming to describe saturation effects,

http://rsif.royalsocietypublishing.org/
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the source of MMPs by SMCs is scaled with the difference

between the MMP concentration c1 at hand and the saturated

concentration Csat.

Equations (5.4a) and (5.4b) are completed by the following

boundary conditions:

at r ¼ 0 :

@c1

@r
¼ dol̂ i,1

Dr
1

c1

c2 ¼ ĉ2

@c3

@r
¼ dol̂ i,3

Dr
3

c3

8>>>>><
>>>>>:

at r¼ 1 :

@c1

@r
¼ � dol̂ e,1

Dr
1

c1

@c2

@r
¼ � dol̂ e,2

Dr
2

c2

c3 ¼ ĉ3:

8>>>>><
>>>>>:

ð5:4cÞ

Here, l̂i,q and l̂e,q are molecule-specific apparent permeabilities of

the intima and of the adventitia, respectively [36]. Moreover, in

order to mimic the presence of macrophages (respectively, endo-

thelial cells), a constant source of ILs (respectively, TGFs-b) is

modelled at the media–adventitia (respectively, intima–media)

interface and associated with a given concentration level ĉ3

(respectively, ĉ2).

Equations (5.4) can be solved analytically. First, the indepen-

dent equations (5.4b) are solved and the through-the-thickness

average concentrations cav
v are computed; then, the latter

are employed for obtaining the solution of equation (5.4a).

Accordingly,

c1(r) ¼ k11 exp (� h1r)þ k12 exp (h1r)þ A
h2

1

ð5:5aÞ

and

cv(r) ¼ kv1 exp (� hvr)þ kv2 exp (hvr), ð5:5bÞ

where

A ¼ h13d
2
o

VScav
3 Csat

Dr
1g3

, ð5:5cÞ

h2
1 ¼

d2
o

Dr
1

z1 þ h12

VScav
2

g2

þ h13

VScav
3

g3

� �
ð5:5dÞ

and h2
v ¼

d2
ozv

Dr
v

, ð5:5eÞ

and constants kq1 and kq2 are determined from boundary conditions

in equation (5.4c).

5.4. Remodelling laws
Inspired by applications in biology, chemistry, medicine and bio-

mathematics [71], as well as in agreement with experimental

evidence on ECM remodelling [72], the functional form sj(r, t)
in each physiopathological stage Sk is assumed to be described

by a logistic function centred in t ¼ (k 2 1)T and characterized

by steepness n21
j . In particular, nj has the dimension of a time

and it governs the tissue resistance to remodelling of structural

feature sj. Therefore, it can be referred to as a remodelling

viscosity. The remodelling laws are defined in a way that sj

asymptotically tends towards the target value �sj þ I j(c) for t�
nj, that is [71]:

sj(r, t) ¼
so

j (r)[�sj þ I j(c)] exp (t=nj)

�sj þ I j(c)þ so
j (r)[ exp (t=nj)� 1]

, ð5:6Þ

where so
j (r) ¼ sj(r, (k 2 1)T ). The homeostatic imbalance I j(c)

depends only on MMPs (c1) and TGFs-b (c2) concentrations,

and it is defined by following the additive decomposition

I j(c) ¼ I�j (c1)þ Iþj (c2). In agreement with the evidence in

equation (2.3) and with the schematic in figure 2, it results in

I�j (c1) < 0 when c1 . CR1 (and zero otherwise) and Iþj (c2) . 0
when c2 . CR2 (and zero otherwise), that is:

I�j (c1) ¼ �
�sjkc1(r, t)� CR1l

CR1
ð5:7aÞ

and

Iþj (c2) ¼
�sjVSkc2(r, t)� CR2l

CR2
, ð5:7bÞ

with kxl ¼ (x þ jxj)/2 denoting the Macaulay brackets.

For the physical admissibility of the values of sj obtained

from equations (5.6), the following constraints for any r[[0, 1]

and for any time t are enforced:

rF(r, t) . 0, Lc(r, t) . 0 and mF(r, t) . 0 ð5:8aÞ

and

d

dt
(VC(r, t)þ V0

C(r, t)) ¼ 0 and

d

dt
(VE(r, t)þ V0

E(r, t)) ¼ 0, ð5:8bÞ

where V0
E(r, t) and V0

C(r, t) represent the volume fractions of elas-

tin and collagen in a structural form which is non-functional

from the mechanical point of view (e.g. fragmented elastin,

degraded collagen).

Neglecting possible variations of constituents’ density with the

structural form (i.e. between mechanically functional and non-

mechanically functional forms) and under the incompressibility

assumption (see equation (5.3)), relationships in equations (5.8b)

correspond to enforcing a constant mass of constituents along

the physiopathological mechanism. As previously highlighted

(see §5.2), this choice agrees with the aim of investigating only

the effects of remodelling in terms of alterations of tissue strain

energy function.
5.5. Mechanics
Arterial deformation is described by the right Cauchy–Green

deformation tensor C ¼ Diag(l2
r , l2

u, l
2
z), where lr, lu and lz are

stretches in the radial, circumferential and axial direction, respect-

ively. In agreement with the opening angle method [39,41]

and assuming a constant axial stretch lz, the incompressibility

condition (see equation (5.3)), that is:

lrlulz ¼ 1, 2prlrlz ¼ (2p� a)ro, ð5:9Þ

gives

lr ¼ lr(r) ¼ ro(r)

klzr
, lu ¼ lu(r) ¼ kr

ro(r)
, ð5:10Þ

where k ¼ 2p/(2p 2 a) accounts for the opening anglea. Function

ro ¼ ro(r), defined as

ro ¼ ro(r) ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
klz(r2 � r2

i )þ r2
i,o

q
, ð5:11Þ

correlates the radial position r[[ri, re] of a material point in the

current configuration with the one ro[[ri,o, re,o] in the reference

configuration.

The following equilibrium relationship holds between

luminal pressure Pi and internal radius ri [39,41]:

Pi ¼ Pi(ri, t) ¼
ðre(ri )

ri

[su(r, t)� sr(r, t)]
dr
r

, ð5:12Þ

where re(ri) ¼ [r2
i þ (r2

e,o 2 r2
i,o)/(klz)]

1/2 (see equation (5.11)),

and sr and su are Cauchy stress components in the radial and cir-

cumferential directions, respectively. The latter are given by (see

equation (5.2))

su ¼ su(r, t) ¼ lu(r)
@

@lu
CT(Ce

C, Ce
M,S(r, t)) ð5:13aÞ
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and

sr ¼ sr(r, t) ¼ lr(r)
@

@lr
CT(Ce

C, Ce
M,S(r, t)): ð5:13bÞ

Radial- and time-dependency of Cauchy stresses in

equations (5.13) follow from the radial- and time-dependency

of structural features in S (i.e. from remodelling laws). In particu-

lar, function S ¼ S(r, t) is obtained from sj(r, t) in §5.4 with r(r) ¼

(ro(r) 2 ri,o)/do (see equation (5.11)). The time-dependency of the

pressure–radius relationship (5.12) immediately follows from the

one of S(r, t). Clearly, when S reaches the steady state, the same

occurs for function Pi(ri, t). The dependence of strain energy

function CT on set S is derived via a multiscale approach

described in the following §5.5.1.
5.5.1. Multiscale tissue constitutive description
Recalling that VC (i.e. parameter s2 in equation (2.2)), VE

(i.e. parameter s1 in equation (2.2)) and VS, respectively, repre-

sent the volume fraction of collagen fibres, elastin and SMCs,

tissue strain energy density function CT (see equation (5.2)) is

given by

CT(Ce
C, Ce

M,S) ¼ VMCM(̂Ie
M1)

þ VC

ðp=2

�p=2

cC(Ce
C, Mo(bo),S) dbo, ð5:14Þ

where VM ¼ VE þ VS, and terms CM and cC are associated with

non-collagenous and collagenous constituents, respectively. Intro-

ducing Îe
M1 ¼ [Det(Ce

M)]�1=3 Tr(Ce
M), a neo-Hookean approach for

incompressible materials is employed for the strain energy term

CM, that is:

CM(̂Ie
M1) ¼ kM(̂Ie

M1 � 3): ð5:15Þ

Term cC depends on the direction of collagen fibres via

the structural tensor Mo ¼ eF,o�eF,o, where the unit vector eF,o

identifies fibre direction in the reference configuration.

Considering the fibre arrangement assumed in §5.1 and employ-

ing a cylindrical coordinate system, it results in eF,o ¼ (0, cos(bo),

sin(bo))T, where bo is the angle of an individual collagen fibre

with respect to the circumferential direction in the reference

configuration. Hence, the functional dependence Mo ¼Mo(bo) is

highlighted. In particular, cC is defined as

cC(Ce
C, Mo(bo),S) ¼ vc(bo, b̂F,mF)CC(le

F(Ce
C,bo),SF), ð5:16Þ

where CC is the strain-energy density of collagen fibres and vc is

the probability density function (PDF) of the orientation of col-

lagen fibres. Function CC depends on set SF ¼ {rF,Lc}, collecting

fibre structural features that are here assumed to undergo
remodelling (see equation (2.2)), and on fibre elastic stretch le
F,

defined as

le
F(Ce

C,bo) ¼ [Tr(Ce
CMgr(bo))]1=2: ð5:17Þ

Here, Mgr ¼Mgr(bo) is the structural tensor obtained from the

mapping of fibre direction eF,o in the intermediate configuration

reached by the inelastic contribution Fgr
C , resulting in

Mgr(bo) ¼
F

gr
C Mo(bo)(F

gr
C )T

Tr(C
gr
C Mo(bo))

, ð5:18Þ

where Cgr
C ¼ (Fgr

C )TFgr
C . Furthermore, function vc ¼ vc(bo, b̂F,mF) in

equation (5.16) gives the probability of finding a fibre inclined by

bo. Recalling that fibre orientation follows a circular bimodal distri-

bution, symmetric with respect to bo ¼ 0, the dependence on peak

values at bo ¼+b̂F and on the standard deviation measure mF (i.e.

parameter s21
5 in equation (2.2)) is also highlighted.

The strain-energy density CC is defined by considering the

mechanics of collagen fibres with a crimped microstructure and

a nonlinear material behaviour. Fibres are regarded as periodic

curvilinear beam structures. In this framework, elastic fibre stretch

le
F physically represents the along-the-chord extension of crimped

fibres associated with an increment of the applied along-the-chord

load. Therefore, fibre mechanics is described by introducing a

stretch-dependent equivalent tangent modulus CF ¼ CF(le
F,SF)

which physically represents a measure of fibre stiffness along

their main direction.

Since the inelastic deformation associated with growth and

remodelling is here neglected (see §5.2), function CF(le
F,SF) is

obtained under the assumption that the elastic fibre stretch le
F

corresponds to the total fibre stretch lF ¼ [Tr(CCMo)]1/2, namely

le
F ¼ lF. In particular, by applying the principle of virtual works,

the equivalent tangent modulus CF(le
F,SF) is obtained as

(dependences omitted) [50]

CF¼
‘2

FþH2
Fffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

(LF,o=4)2þH2
F,o

q 1

Em
þ Am

Lckc‘m,o

� �
‘Fþ

4H2
F

3r2
F‘F

(‘2
FþH2

F)

� �� 	�1

:

ð5:19Þ

Here, ‘F ¼ ‘F(le
F) and HF ¼ HF(le

F) respectively represent the quar-

ter-of-period and the amplitude of crimped fibres in the current

configuration. Moreover, Em ¼ Em(le
F) gives the tangent modulus

of collagen molecules. These functions, nonlinearly depending

on elastic fibre stretch, are determined from equilibrium and

compatibility relationships, formulated following the multiscale

homogenization approach presented in [47–49] within an

updated-Lagrangian formulation, and extended in a total-Lagran-

gian framework in [50]. The multiscale rationale is schematically

depicted in figure 10, while the employed analytical formulation
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Table 1. Boundary conditions of the transport problem T addressed in the
numerical simulation and associated with physiopathological stages S0 – S3
(see §2.1): TGF-b (̂c2) and ILs (̂c3) sources; apparent permeabilities of the
intima (l̂i, q) and of the adventitia (l̂e, q) interfaces (q ¼ 1, 2, 3). ĉbas

q :
molecular basal production; l̂ph

i=e,q: physiological permeability.

S0 S1 S2 S3

ĉ2 ĉbas
2 ĉbas

2 ĉbas
2 1:75̂cbas

2

ĉ3 ĉbas
3 2̂cbas

3 2̂cbas
3 2̂cbas

3

l̂i, q l̂
ph
i, q l̂

ph
i, q 0:01l̂ph

i,q 0:01l̂ph
i,q

l̂e, q l̂ph
e,q l̂ph

e,q l̂ph
e,q l̂ph

e,q
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is reported in appendix A for the sake of completeness. Other par-

ameters in equation (5.19) are fibre period LF,o and amplitude HF,o

in the reference configuration, as well as fibre (constant) radius rF

(i.e. parameter s3 in equation (2.2)); cross-sectional area Am and

reference length ‘m,o of collagen molecules (mole fraction); density

Lc of inter-molecular covalent cross-links (i.e. parameter s4 in

equation (2.2)) and their (constant) stiffness kc.

In conclusion, the strain-energy density term CC is defined as

CC(le
F,SF) ¼

ð1þkle
F�1l

1

ð1þkj�1l

1

CF(h,SF)

h
dhdj: ð5:20Þ

Accounting for equations (5.14), (5.16) and (5.19), function

CC(le
F,SF) in equation (5.20) provides an analytical description

of macroscale tissue mechanical properties as a function of geo-

metric and material nonlinearties due to collagen fibres: the

former due to the straightening of fibre crimp at microscale;

the latter associated with intrafibre deformation mechanisms of

cross-linked molecular assemblies at nanoscale (i.e. molecular

elongation and sliding).

It is worth observing that, within the limitations of the present

approach and in the framework of a homogenized constrained

mixture formulation [22,23], tissue strain-energy density CT

given in equation (5.14) represents the addition of strain-energy

density contributions of constituents, where each energy part

depends on the specific elastic right Cauchy–Green deformation

tensor describing the corresponding constituent strain. Since this

strain is, in general, different among different constituents,

equation (5.14) does not correspond to considering elastin and

collagen as acting as in a standard parallel scheme.
5.6. Application
In the case study addressed as application (see §2.1), the analysis

of biochemical-induced physiopathological mechanisms is simu-

lated by considering the alteration of the boundary conditions of

the transport problem T (see equation (5.4c)). In particular,

alterations in the production of TGFs-b (̂c2) and ILs (̂c3) with

respect to basal productions ĉbas
2 and ĉbas

3 are considered

as, respectively, associated with an increased activity of endo-

thelial cells (e.g. due to a pharmacological treatment [20]) and

of macrophages (e.g. due to inflammation [60,61]). Moreover,

intima (l̂i, q) and adventitia (l̂e, q) apparent permeabilities vary

with respect to physiological values l̂
ph
i, q and l̂

ph
e, q, in order to

address altered molecular wash-out (e.g. due to atherosclerotic

plaques [18,19]).

For reproducing the physiopathological stages S0–S3 (see

§2.1), the boundary conditions of the transport problem are

varied as in table 1, such that an increase of ĉ2 occurs at t ¼ 0,

a decrease of l̂i at t ¼ T, an increase of ĉ3 at t ¼ 2T. The initial

conditions at t ¼ 2 T for the time-dependent remodelling

problem R correspond to a homeostatic state, that is sj ¼ �sj in

the entire arterial domain. The characteristic time interval T of

each stage S0 to S3 is chosen as T ¼ 1 year, in order to be

comparable with the time scale of the growth of aneurysms [73].

Addressing mechanics, an axial stretch lz ¼ 1 is chosen in

the numerical application. Moreover, the PDF vc(bo, b̂F,mF) of

the orientation of collagen fibres is chosen as a symmetric bimodal

circular distribution obtained as the sum of two von Mises

distributions with weights equal to 1
2:

vc(bo, b̂F,mF)

¼ 1

4pI0(m�2
F )

exp
cos (bo � b̂F)

m2
F

" #
þ exp

cos (bo þ b̂F)

m2
F

" #( )
,

ð5:21Þ

where I 0 is the modified Bessel function of order 0. For the sake of

simplicity, numerical results are obtained by considering the

limiting behaviour of equation (5.21) for small variance.
Since remodelling laws induce variations of mF, the standard

deviation of vc, being equal to (b̂2
F þ m2

F)1=2 in the addressed limit-

ing behaviour, is affected by remodelling [74]. For a given

function mF(r, t) obtained from equation (5.6), the along-

the-thickness mean number nb of collagen fibres inclined by

bo, i.e. nb ¼ nb(bo), results from (time dependency omitted)

nb(bo) ¼ NF

do

ðre,o

ri,o

vc(bo,b̂F,mF(r)) dr, ð5:22Þ

where NF is the total number of collagen fibres in the arterial thick-

ness. The number of collagen fibres along different directions can

be experimentally measured from polarizing microscope images

and image processing techniques [54], obtaining nexp
b ¼ nexp

b (bo).

Therefore, NF can be estimated as NF ¼
Ð p=2
�p=2 nexp

b (bo) dbo. In par-

ticular, addressing human thoracic aortic segments, data in [54]

give NF ¼ 826 (function nexp
b reported in [54] has been normalized

by the number of subjects considered in the study).

Through-the-thickness integrations in equations (5.12)

and (5.22) are performed by employing a standard trapezoidal

integration rule with Nip integration points. To be consistent

with the repetitive microstructure of arterial tissues which are

made up by lamellar units with fairly uniform composition

(approx. 60 in the media of human aortas [55,56]), Nip ¼ 60 has

been chosen, for the case study under investigation, such that

each integration point is representative of a media lamellar unit.

Angular integration in equation (5.14) is performed by con-

sidering a discrete distribution of nF fibre families, and hence

a discrete set of collagen fibres inclined by b(a)
o (with a ¼ 1, . . . ,

nF), with

nF even: b(a)
o ¼ a� 1

2

� �
p

nF
� p

2
and

nF odd: b(a)
o ¼

ap
nF þ 1

� p

2
: ð5:23Þ

It is worth highlighting that NF in equation (5.22) represents the

number of fibres in the tissue, hence not coinciding with the

number nF of the discrete fibre families, introduced only for

numerical purposes. In considering the discrete set of angles

b(a)
o , the discrete PDF v(a)

c ¼ vc(b(a)
o , b̂F,mF) obtained from the con-

tinuous circular distribution in equation (5.21) is normalized for

ensuring that
PnF

a¼1 v(a)
c ¼ 1. To have a fine angular discretization,

nF ¼ 37 collagen fibre families (approx. one every 58) are

employed in the numerical application.

Despite the low geometrical dimension of the proposed case

study, a relatively large number of parameters are involved. The

adopted values have been chosen in order to show the soundness

of the proposed approach, and not to provide quantitative indi-

cations on a specific clinical study. Therefore, model calibration is

based on experimental ranges available from the literature, as

described next.
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Table 2. Values of parameters for arterial geometry, for the remodelling R
and for the transport T problems, together with relevant references. See
§5.6.1 for details on model calibration.

symbol value definition references

ri,o 8.24 mm reference

internal

radius

[40]

do 0.9 mm reference

thickness

[40,54]

a 808 opening angle [39]

VS 0.2 volume fraction

of SMCs

[55]

�C 5 pg mg21 reference

concentration

[20]

n 0.1 year remodelling

viscosity

[73]

D 1025 mm2 s21 diffusivity

constants

[36,75,76]

h1v 1023 s21 reaction kinetics

rate constant

[25,76]

z 1025 s21 natural decay

rate constants

[25,76]

l̂
ph
i 5 � 1026 mm s21 intima

permeability

[36,77]

l̂ph
e 5 � 1026 mm s21 adventitia

permeability

[36,77]
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5.6.1. Model calibration
As reported in table 2, arterial geometry in the reference con-

figuration is defined in agreement with well-established

experimental ranges [39,40,54]. Table 2 reports also the volume

fraction of SMCs VS, which is a common parameter for problems

R, T and M. The adopted value corresponds to the data obtained

in [55] from confocal imaging.

Addressing remodelling laws (see §5.4), threshold concen-

trations CR1 and CR2, governing the remodelling induced by

MMPs and TGFs-b, have been chosen on the basis of two avail-

able pieces of evidence: the development of aneurysms is

associated with the increase of MMPs in arterial tissues from 2

to 10 pg mg21 [20]; the concentration of TGFs-b following

drug-induced aneurysm stabilization reaches up to 5 pg mg21

[20]. Therefore, as physiopathological remodelling is induced

by comparable concentrations of MMPs and TGFs-b, concen-

trations CR1 and CR2 are assumed to coincide, as well as

remodelling viscosities nj. Therefore, it is chosen

CR1 ¼ CR2 ¼ �C and n1 ¼ n2 ¼ n3 ¼ n, ð5:24Þ

where �C is a reference concentration value, chosen in agreement

with the afore-introduced data (table 2). Moreover, viscosity n is

set such that remodelling (i.e. functions sj(r, t)) reaches the steady

state within time intervals of approximately 10n ¼ 1 year

(table 2), that is within the typical time scale of the growth of

aneurysms [73] and in agreement with the evidence that patho-

logical arterial remodelling evolves within approximately one

month [78].

Addressing the transport problem (see §5.3), a number of

experimental and numerical works have explored the transport
within arterial wall of, for example, low-density-lipoproteins

(LDL), albumin or specific drugs [36,75–77]. In particular, well-

established documented values for the diffusivity DL and the

permeability lL of LDL can be found in [36], i.e. DL � 10213 m2 s21

and lL � 50 � 1028 cm s21. Unfortunately, to the best of the

authors’ knowledge, well-established values of the diffusivity

and of the permeability of MMPs, TGFs-b and ILs in arterial tis-

sues are not available. Accordingly, values for Dr
q and l̂

ph
i=e,q have

been set on the basis of data for LDL, taking into account that

diffusivity and permeability scale with molecular weight (LDL

molecular weight MwL ¼ 3 MDa [79]). In particular, a linear

inverse relationship for this scaling has been employed [80].

Following these considerations and as values of molecular

weight of MMPs (�50 kDa [81]), ILs (�30 kDa [82]) and TGFs-b

(�25 kDa [83]) are comparable, no distinction has been made

among species for diffusivity and permeability, that is:

Dr
1 ¼ Dr

2 ¼ Dr
3 ¼ D and l̂

ph
i=e,1 ¼ l̂

ph
e,2 ¼ l̂

ph
i,3 ¼ l̂i=e, ð5:25Þ

with D ¼ DLMwL/Mw and l̂
ph
i=e ¼ lLMwL=Mw, where Mw is a

reference molecular weight chosen equal to 30 kDa (table 2). Ana-

logously, the decay rates zq of the different molecular species can

be retained comparable (at least of the order of magnitude) because

these have been reported to be 4.32 days21 for MMPs, 3.84 days21

for growth factors and 1.19 days21 for ILs [81]. Accordingly, the

following simplifying choice has been adopted:

z1 ¼ z2 ¼ z3 ¼ z, ð5:26Þ

the value employed for z corresponding to a half-life of approxi-

mately 1 day (table 2). As regards values of reaction kinetics rate

constants h1v (governing MMP production in response to IL/

TGF-b stimulation), they have been set as corresponding to a

time constant of approximately 15 min (table 2). The latter choice

refers to the order of magnitude of an acute inflammation [84]

and is made to address an acute responsiveness of SMCs. It is

worth highlighting that the rate z has been chosen such that the

corresponding half-life results at the upper bound of the range

reported in [81], in order to have a clear distinction between the

molecular kinetics associated with the natural decay and the one

with cell responsiveness to biochemical alterations.

Stimulative concentrations g2 and g3 associated with MMP

production from ILs and TGFs-b are, in turn, related to tissue

remodelling. Therefore, following analogous considerations that

led to equation (5.24), no distinction has been made among mol-

ecular species and values of g2 and g3 have been defined in terms

of the reference concentration �C. Furthermore, concentration Csat,

over which cell production is saturated, has been chosen as 10-

fold of a basal production [85]. Hence, it holds (with �C in table 2):

g2 ¼ g3 ¼ �C and Csat ¼ 10�C: ð5:27Þ

Finally, as simulation conditions, basal productions ĉbas
2 and

ĉbas
3 of TGFs-b and ILs are chosen coinciding with the different

species and equal to

ĉbas
2 ¼ ĉbas

3 ¼ �C, ð5:28Þ

such that an increase from the basal production induces the onset

of remodelling (because CRq ¼ ĉbas
q ¼ �C from equations (5.24)

and (5.28)). It is worth highlighting that due to positions in

equations (5.24), (5.27) and (5.28), normalized concentrations

cq=�C result independent from the value of �C (see equations (5.4)).

Addressing the mechanical problem (see §5.5), tissue constitu-

tive response depends on measurable structural features. In

particular, arterial tissue samples show an elastin-to-collagen con-

tent ratio of approximately 3:1 and an elastin volume fraction of

approximately 30% [55,86]. Furthermore, the dispersion of collagen

fibre distribution has been reported in the range 108–208 [54,87],

and the thickness of collagen fibres approximately 1 mm [46,55].

Moreover, high-performance liquid chromatography allows one

to measure the mole fraction density of intermolecular cross-links
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Table 3. Structural features undergoing remodelling: values �sj of
parameters defining tissue structure at homeostasis, together with relevant
references. As initial conditions (at t ¼ 2 T ), sj ¼ �sj with V0

C ¼ V0
E ¼ 0.

See §5.6.1 for details on model calibration. SDM, standard deviation
measure.

symbol value definition references

�V E 0.36 elastin volume fraction [55,86]
�V C 0.14 collagen volume

fraction

[55,86]

�mF 15.368 SDM of collagen fibre

distribution

[54,87]

�rF 0.5 mm collagen fibre radius [46,55]
�Lc 1 mol mol21 inter-molecular

cross-link density

[53,88]

Table 4. Values of structural features affecting arterial mechanics and not
undergoing remodelling, together with relevant references (VS in table 2).
See §5.6.1 for details on model calibration.

symbol value definition references

kM 2.2 MPa stiffness of non-

collagenous constituents

[90]

+b̂F +25.88 peak angles of collagen

fibre distribution

[54]

HF,o 1.36 mm reference collagen fibre

amplitude

[48,55]

LF,o 5 mm reference collagen fibre

period

[48,55]

kc 105 nN

mm21

inter-molecular cross-link

stiffness

[53]

‘m,o 279 nm reference molecular

end-to-end length

[48]

‘c 287 nm molecular contour length [48]

‘p 14.5 nm molecular persistance

length

[48]

Am 1.41 nm2 molecular cross-sectional

area

[48]

Êo 1 GPa low-strain triple-helix

tangent modulus

[48]

Ê 80 GPa high-strain triple-helix

tangent modulus

[48]

hm 22.5 triple-helix uncoiling

resistance

[48]

1o
h 0.1 triple-helix uncoiling strain [48]

q 310 K body absolute temperature —
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in load-bearing collagen fibrils, resulting in approximately

890 mmol mol21 [88]. In agreement with these considerations, the

reference values �S at homeostasis of structural features in set S, i.e.

those undergoing remodelling, have been set, as reported in table 3.

Finally, the values of the remaining structural features affecting

arterial mechanics (see §5.5 and appendix A) have been chosen in

agreement with well-established physiological ranges [39,40,54,

55,89,90], and assumed to be constant in space and time (table 4).

Comprehensive explanations on the adopted values can be found

in previous works by some of the authors [48,49,53]. In particular,

stiffness kM of non-collagenous constituents is tuned in order to fit

experimental pressure–radius data [58] at low pressure range, the

resulting optimal value agreeing well with the experimental

value of elastin stiffness (approx. 1 MPa [90]).
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Appendix A. Multiscale mechanics of
collagen fibres
The multiscale homogenization approach employed for the

modelling of the multiscale mechanics of collagen fibres is

briefly reported here (figure 10). Since the inelastic defor-

mation associated with growth and remodelling is here

neglected (see §5.2), the following relationships are obtained

under the assumption that the elastic stretch le
F corresponds

to the total stretch lF ¼ [Tr(CCMo(bo))]1/2, namely le
F ¼ lF

(see equations (5.17) and (5.18)).

Collagen fibres are a collection of fibrils, the elongation of

which, described by stretch lf, is affected by inter-molecular

sliding and collagen molecular elongation (figure 10). The
elongation of collagen molecules is described by the stretch

lm. As schematically depicted in figure 10, molecular

elongation depends on in series entropic and energetic mechan-

isms, respectively, described by stretches ls
m and lh

m [42,51,53].

Recalling that le
F represents the elastic stretch along the

main direction of a crimped collagen fibre (i.e. the along-

the-chord extension), the multiscale relationships lf ¼ lf(l
e
F),

lm ¼ lm(lf ), ls
m ¼ ls

m(lm) and lh
m ¼ lh

m(lm) lead to the

implicit dependences ls
m ¼ ls

m(le
F) and lh

m ¼ lh
m(le

F).

The tangent modulus of collagen molecules Em results in [50]

Em(ls
m, lh

m) ¼ Es
m(ls

m)Eh
m(lh

m)

Es
m(ls

m)þ Eh
m(lh

m)
, ðA 1aÞ

where molecular collagen moduli related to entropic

mechanisms Es
m and to energetic mechanisms Eh

m are

Es
m(ls

m) ¼ kBq‘m,o

‘p‘cAm

‘3
c

2(‘c � ‘m,ol
s
m)3
þ 1

" #
ðA 1bÞ

and

Eh
m(lh

m) ¼ ‘m,o

‘c

Ê
1þ exp{� hm[‘m,o(lh

m � 1)=‘c � 1h
o]}
þ Êo

( )
,

ðA 1cÞ
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with kB being the Boltzmann constant and q the absolute body

temperature. Moreover, addressing collagen triple helices, ‘p is

the persistence length, ‘c the contour length, Êo the low-strain

tangent modulus, Ê the high-strain tangent modulus, 1h
o

the uncoiling strain and hm is the uncoiling resistance [51,53].

Function ‘F ¼ ‘F(le
F) is defined as ‘F(le

F) ¼ le
FLF,o/4.

Moreover, relationships ls
m ¼ ls

m(le
F), lh

m¼ lh
m(le

F) and HF ¼

HF(le
F) are determined from the following set of differential

equations [50]:

dls
m

dle
F

¼ Fms(l
s
m, lh

m)Ffm(ls
m, lh

m)Ff(l
e
F, HF), ðA 2aÞ

dlh
m

dle
F

¼ Fmh(ls
m, lh

m)Ffm(ls
m, lh

m)Ff(l
e
F, HF) ðA 2bÞ

and
dHF

dle
F

¼ � ‘FHF[4(‘2
F þH2

F)� 3r2
F]

le
F[4H2

F(‘2
F þH2

F)þ 3‘2
Fr2

F]
, ðA 2cÞ

with ls
m(1) ¼ lh

m(1) ¼ 1 and HF(1)¼ HF,o as initial conditions.

Accounting for the chain-rule, equations (A 2a) and (A 2b) are

obtained on the basis of the following interscale relationships:
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, ðA 3aÞ
Fmh(ls
m, lh

m) ¼ dlh
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Eh
m(lh
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dlf
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1
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þ Am
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" #�1

ðA 3cÞ

and Ff(l
e
F, HF) ¼ dlf

dle
F

¼
le

F‘
2
F, o þHF

dHF
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Fffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

[(le
F)2‘2

F, o þH2
F](‘2
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q :

ðA 3dÞ

Moreover, equation (A 2c) is an evolution equation for fibre geo-

metry, obtained from an application of the principle of virtual

works.

For further theoretical details on the multiscale homogeniz-

ation approach and on previous equations, the readers can refer

to the formulation presented by some of the authors in [50].
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