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 A B S T R A C T

Medical implant-related infections remain notoriously difficult to treat due to the formation of bacterial 
biofilms. Systemic antibiotic delivery is often ineffective and antibiotic-eluting technologies remain immature 
in this field, at least in part due to limitations in adequately controlling the antibiotic release rate. A 
confounding factor is the lack of understanding of the most efficacious antibiotic release profile. In this paper, 
we introduce a novel theoretical framework that leverages functionally graded materials to achieve tunable, 
spatially controlled antibiotic delivery – addressing both of these key challenges. Specifically, we develop a 
new coupled nonlinear partial differential equation model that simultaneously captures antibiotic release from 
a functionally graded material coating and its transport dynamics within an evolving biofilm. Our results reveal 
that functionally graded material coatings can outperform homogeneous coatings in sustaining local antibiotic 
concentrations and suppressing biofilm growth. This study thus establishes functionally graded materials as a 
promising, previously underexplored design paradigm for infection-resistant medical implants and provides a 
quantitative basis for optimizing antibiotic release profiles in biofilm-prone environments.
1. Introduction

Medical implant-related infections can cause major complications 
in patients, including the need for implant removal or revision and 
even life-threatening sepsis [1]. These infections are caused by bacterial 
colonization of the implant surface, followed by subsequent prolifera-
tion of bacteria and the deposition of extracellular polymeric substance 
(EPS) to form a biofilm [2]. Although the most common treatment is 
the systemic delivery of antibiotics, biofilms have characteristics (both 
structural and biological) that make this form of treatment problem-
atic [2]. External penetration of biofilms by antibiotics is challenging, 
and the bacteria have developed mechanisms within biofilms for sur-
viving exposure to drug. This is generally referred to as ‘resilience,’ 
which is typically attributed to either resistance to treatment (due 
to genetic changes) [3] or tolerance (phenotypic switches to evade 
antibiotic-mediated death) [4]. A better strategy may be to deliver 
antibiotics from the surface of the implant directly, in a controlled 
manner, so as to counteract the formation of the biofilm from the 
outset [2,5,6]. However, an open challenge is the definition of the 
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optimal drug release profile. In particular, one must ensure that low 
levels of antibiotic are not released over an extended period of time – 
sustained sub-therapeutic release may promote bacterial resistance [7].

Functionally graded materials (FGMs) may provide a solution to this 
problem. By incorporating smoothly varying spatial properties [8,9], 
FGMs may enable the fine tailoring of antibiotic release to avoid biofilm 
formation. The mathematical modelling literature on FGMs is relatively 
immature, particularly in the context of drug delivery, where only a few 
studies have been published to date [10,11]. Modelling heat transfer in 
FGMs has, however, gained increasing attention in recent years with a 
series of studies exploring analytical solutions in different geometrical 
configurations [12–14].

Drug-eluting implants are ubiquitous in the literature. Some of the 
most common examples include drug-eluting stents for the treatment of 
arterial disease, intraocular implants for the treatment of eye diseases 
and hormone-eluting contraceptive implants [15]. Typically, these are 
either coated with materials that contain drug, or have drug embed-
ded within the structure of the implant. In the case of the former, 
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Fig. 1.1. Schematic of an antibiotic-loaded functionally graded material (FGM) in contact with an evolving biofilm (figure not to scale).
the properties of the coating are usually designed to be uniform and 
homogeneous. In the case of diffusion-controlled drug-delivery, which 
is the most common form [16,17], this usually means that the diffusion 
coefficient of the drug in the coating is constant in space. While 
multi-layer drug-eluting coatings (with potentially different diffusion 
coefficients in each layer) have also been proposed [18], usually there 
is a sharp transition in drug transport properties between layers. FGM 
coatings and carriers, on the other hand, overcome the drawbacks of 
layer-by-layer structures by allowing for a smooth spatially-varying 
drug diffusion coefficient [10,11].

In this paper, we develop a theoretical model of antibiotic delivery 
from an FGM coating to counteract biofilm formation. Specifically, 
we present a coupled system of partial differential equations (PDEs) 
that simultaneously accounts for antibiotic release and transport within 
an evolving biofilm. The key novelty lies in exploring how spatially-
varying antibiotic transport properties within the FGM coating may 
alter drug delivery and, ultimately, the biofilm dynamics.

2. Mathematical model of biofilm growth subject to antibiotic 
delivery

Consider a one-dimensional representation of an FGM coating of 
thickness 𝐿𝑑 on the surface of an implant (Fig.  1.1), loaded with 
antibiotic at some uniform initial concentration 𝐶𝑑 (𝑥, 𝑡 = 0) = 𝐶0

𝑑 . It is 
assumed that the antibiotic is readily available for diffusion (meaning 
that antibiotic release is not dissolution-limited) and that the material 
is constructed in such a way that the diffusivity is given by 𝐷(𝑥). Thus 
the spatiotemporal evolution of antibiotic in the coating is given by: 
𝜕𝐶𝑑
𝜕𝑡

= 𝜕
𝜕𝑥

(

𝐷(𝑥)
𝜕𝐶𝑑
𝜕𝑥

)

, −𝐿𝑑 < 𝑥 < 0, (2.1)

where the choice of 𝐷(𝑥) is arbitrary, and is discussed further in 
Section 4.

Suppose that initially, the FGM coating is in contact with a very thin 
layer of porous biofilm of thickness 𝐿0, containing proliferative bacteria 
and EPS with spatially-varying concentrations of 𝐵(𝑥, 0) and 𝐸(𝑥, 0), 
respectively. The voids of the biofilm (𝜙(𝑥, 𝑡)) are filled with water 
such that, assuming incompressibility, the following volume constraint 
holds: 
1 = 𝜙 + 𝐵

𝜌𝐵
+ 𝐸

𝜌𝐸
, (2.2)

where 𝜌𝐵 and 𝜌𝐸 represent the densities of bacteria and EPS, re-
spectively. In this work we do not distinguish between gram-positive 
and gram-negative bacteria, although gram-positive bacteria domi-
nate implant-associated biofilms [19]. Bacteria and EPS movement are 
driven through a combination of diffusion (with respective diffusion 
coefficients 𝐷𝐵 and 𝐷𝐸) and advective transport of velocity 𝑣(𝑥, 𝑡). 
In this model, advection arises through the accumulation of biofilm 
material as a result of proliferation and EPS deposition in a porous 
media, analogous to pressure-driven flow. The thickness of the biofilm 
evolves via a moving boundary at 𝑥 = 𝐿(𝑡), which is in contact with the 
external fluid environment that supplies a constant source of nutrient 
2 
of concentration 𝑆(𝑥 = 𝐿(𝑡), 𝑡) = 𝑆0. Biofilm growth is modulated 
through the balance of (i) bacteria proliferation as a consequence of 
nutrient consumption, (ii) EPS deposition following bacteria growth, 
(iii) bacteria natural death, (iv) a reduction in bacteria proliferation 
resulting from exposure to antibiotic of concentration 𝐶(𝑥, 𝑡), and (v) 
bacteria death due to antibiotic exposure. Building on the biofilm 
model described by [20], the dynamics of the biofilm are assumed to 
be governed by:
𝜕𝐵
𝜕𝑡

+ 𝜕
𝜕𝑥

(𝑣𝐵) = 𝐷𝐵
𝜕2𝐵
𝜕𝑥2

+ 𝑘𝐵
𝜇𝜙𝑆

𝑘𝑆 + 𝜙𝑆
𝐵

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(i)

− 𝜅𝜙𝐶
𝜇𝜙𝑆

𝑘𝑆 + 𝜙𝑆
𝐵

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(iv)

− 𝑏𝐵
⏟⏟⏟
(iii)

− max
(

𝛼1𝜙𝐶 − 𝛼2, 0
)

𝐵
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

(v)

, 0 < 𝑥 < 𝐿(𝑡),

(2.3)
𝜕𝐸
𝜕𝑡

+ 𝜕
𝜕𝑥

(𝑣𝐸) = 𝐷𝐸
𝜕2𝐸
𝜕𝑥2

+ 𝑘𝐸
𝜇𝜙𝑆

𝑘𝑆 + 𝜙𝑆
𝐵

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(ii)

, 0 < 𝑥 < 𝐿(𝑡).

(2.4)

where 𝜇 and 𝑘𝑆 represent the maximum consumption rate and half sat-
uration constant associated with the Monod kinetics describing nutrient 
consumption, 𝑏 is the bacteria natural death rate, 𝜅 is the antibiotic 
effectiveness rate and 𝑘𝐵 and 𝑘𝐸 are dimensionless conversion factors 
between metabolic rate and bacteria and EPS production rate, respec-
tively. The parameters 𝛼1 and 𝛼2 ensure that antibiotic-induced bacte-
rial death only occurs beyond some critical antibiotic exposure thresh-
old, beyond which the death rate is linear in 𝐶. Nutrient and antibiotic 
transport within the medium also follow advection–diffusion–reaction 
equations:
𝜕
𝜕𝑡
(𝜙𝑆) + 𝜕

𝜕𝑥
(𝑣𝜙𝑆) = 𝐷𝑆

𝜕
𝜕𝑥

(

𝜙𝜕𝑆
𝜕𝑥

)

−
𝜇𝜙𝑆

𝑘𝑆 + 𝜙𝑆
𝐵

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
†

, 0 < 𝑥 < 𝐿(𝑡),

(2.5)
𝜕
𝜕𝑡
(𝜙𝐶) + 𝜕

𝜕𝑥
(𝑣𝜙𝐶) = 𝐷𝐶

𝜕
𝜕𝑥

(

𝜙𝜕𝐶
𝜕𝑥

)

− 𝑘𝐶𝜙𝐶
⏟⏞⏟⏞⏟

††

, 0 < 𝑥 < 𝐿(𝑡).

(2.6)

with the reactions terms describing nutrient consumption (†) and an-
tibiotic degradation (††) at a rate 𝑘𝐶 , respectively. The water volume 
fraction follows [21]:
𝜕𝜙
𝜕𝑡

+ 𝜕
𝜕𝑥

(𝑣𝜙) =
𝜙

1 − 𝜙

(

𝐷𝐵

𝜌𝐵
𝜕2𝐵
𝜕𝑥2

+
𝐷𝐸

𝜌𝐸
𝜕2𝐸
𝜕𝑥2

+
(

𝑘𝐵 − 𝜅𝜙𝐶
𝜌𝐵

+
𝑘𝐸
𝜌𝐸

)

𝜇𝜙𝑆
𝑘𝑆 + 𝜙𝑆

𝐵

− 𝑏𝐵
𝜌𝐵

−
max

(

𝛼1𝜙𝐶 − 𝛼2, 0
)

𝐵
𝜌𝐵

)

, 0 < 𝑥 < 𝐿(𝑡).

(2.7)

To enable determination of the velocity 𝑣 we require a further equation 
which we derive through consideration of volume conservation. Specif-
ically, we divide (2.3) by 𝜌  and (2.4) by 𝜌  and subsequently add to 
𝐵 𝐸
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(2.7), before substituting (2.2) in the resulting equation. This leads to

𝜕𝑣
𝜕𝑥

= 1
1 − 𝜙

(

𝐷𝐵
𝜌𝐵

𝜕2𝐵
𝜕𝑥2

+
𝐷𝐸
𝜌𝐸

𝜕2𝐸
𝜕𝑥2

+
(

𝑘𝐵 − 𝜅𝜙𝐶
𝜌𝐵

+
𝑘𝐸
𝜌𝐸

)

𝜇𝜙𝑆
𝑘𝑆 + 𝜙𝑆

𝐵

− 𝑏𝐵
𝜌𝐵

−
max

(

𝛼1𝜙𝐶 − 𝛼2, 0
)

𝐵
𝜌𝐵

)

, 0 < 𝑥 < 𝐿(𝑡).

(2.8)

The biofilm front then evolves according to: 
𝑑𝐿
𝑑𝑡

= 𝑣(𝐿). (2.9)

2.1. Initial and boundary conditions

The complete set of initial conditions are given by: 
𝐶𝑑 (𝑥, 0) = 𝐶0

𝑑 , −𝐿𝑑 < 𝑥 < 0, (2.10)

𝐶(𝑥, 0) = 0, 𝑆(𝑥, 0) = 𝑆0, 𝜙(𝑥, 0) = 𝜙0, 0 < 𝑥 < 𝐿(𝑡) (2.11)

𝐵(𝑥, 0) = 𝐵0 exp
𝑣(𝑥, 0)𝑥
𝐷𝐵

, 𝐸(𝑥, 0) = 𝐸0 exp
𝑣(𝑥, 0)𝑥
𝐷𝐸

, 0 < 𝑥 < 𝐿(𝑡).

(2.12)

𝐿(0) = 𝐿0, (2.13)

where 𝐶0
𝑑 , 𝑆0, 𝜙0 and 𝐿0 are constants. A spatially-varying form of 

initial conditions for 𝐸 and 𝐵 is chosen to ensure consistency between 
the initial and boundary conditions.

We assume that the implant is assumed to be impenetrable to 
antibiotic: 

−𝐷(−𝐿𝑑 )
𝜕𝐶𝑑
𝜕𝑥

(−𝐿𝑑 , 𝑡) = 0. (2.14)

At the FGM-biofilm interface, we assume that the FGM is impenetrable 
to bacteria, EPS and nutrient and thus impose zero-flux conditions: 

−𝐷𝐵
𝜕𝐵
𝜕𝑥

(0, 𝑡) = −𝐷𝐸
𝜕𝐸
𝜕𝑥

(0, 𝑡) = −𝐷𝑆
𝜕𝑆
𝜕𝑥

(0, 𝑡) = 0, (2.15)

while continuity of concentration and flux of antibiotic are imposed: 

𝐶𝑑 (0, 𝑡) = 𝐶(0, 𝑡), −𝐷(0)
𝜕𝐶𝑑
𝜕𝑥

(0, 𝑡) = −𝐷𝐶
𝜕𝐶
𝜕𝑥

(0, 𝑡). (2.16)

We further assume that at the FGM-biofilm interface, the porosity takes 
a constant value and we impose no-slip: 
𝜙(0, 𝑡) = 𝜙0, 𝑣(0, 𝑡) = 0. (2.17)

At the biofilm-bulk fluid interface, we assume that there is a constant 
supply of nutrient, that the fluid acts as a sink for the antibiotic and 
that the gradient of porosity is zero: 

𝑆(𝐿(𝑡), 𝑡) = 𝑆0, 𝐶(𝐿(𝑡), 𝑡) = 0,
𝜕𝜙
𝜕𝑥

(𝐿(𝑡), 𝑡) = 0. (2.18)

Finally, zero flux of bacteria and EPS are imposed on the moving front: 

−𝐷𝐵
𝜕𝐵
𝜕𝑥

(𝐿(𝑡), 0) + 𝑣𝐵(𝐿(𝑡), 𝑡) = 0, −𝐷𝐸
𝜕𝐸
𝜕𝑥

(𝐿(𝑡), 0) + 𝑣𝐸(𝐿(𝑡), 𝑡) = 0.

(2.19)

2.2. Nondimensionalisation

We introduce the following nondimensionalisation:

𝐵′ = 𝐵
𝑘𝑆

, 𝐸′ = 𝐸
𝑘𝑆

, 𝑆′ = 𝑆
𝑘𝑆

, 𝐶 ′ =
𝛼1𝐶
𝛼2

, 𝐶 ′
𝑑 =

𝛼1
𝛼2

𝐶𝑑 ,

𝑡′ = 𝑏𝑡, 𝑣′ = 𝑣
𝑏𝐿0

, 𝑥′ = 𝑥
𝐿0

,

3 
which gives rise to the following nondimensional parameters:

𝐺1 =
𝑘𝐵𝜇
𝑏

, 𝐺2 =
𝑘𝐸𝜇
𝑏

, 𝐺3 =
𝜇
𝑏
, 𝐺4 = 𝜅

𝜇𝛼2
𝑏𝛼1

, 𝛽1 =
𝛼2
𝑏
,

𝛽4 =
𝑘𝑐
𝑏
, 𝐿′

𝑑 =
𝐿𝑑
𝐿0

, 𝜌′𝐵 =
𝜌𝐵
𝑘𝑆

, 𝜌′𝐸 =
𝜌𝐸
𝑘𝑆

,

𝐷′
𝑆 =

𝐷𝑆

𝑏𝐿0
2
, 𝐷′

𝐶 =
𝐷𝐶

𝑏𝐿0
2
, 𝐷′

𝐵 =
𝐷𝐵

𝑏𝐿0
2
, 𝐷′

𝐸 =
𝐷𝐸

𝑏𝐿0
2
, 𝐷′ = 𝐷

𝑏𝐿0
2
,

𝐵′
0 =

𝐵0
𝑘𝑆

, 𝐸′
0 =

𝐸0
𝑘𝑆

, 𝑆′
0 =

𝑆0
𝑘𝑆

.

The governing nondimensional equations (after dropping primes for 
clarity) are then given by:
𝜕𝐶𝑑

𝜕𝑡
= 𝜕

𝜕𝑥

(

𝐷(𝑥)
𝜕𝐶𝑑

𝜕𝑥

)

, − 𝐿𝑑 < 𝑥 < 0,

(2.20)

1 = 𝜙 + 𝐵
𝜌𝐵

+ 𝐸
𝜌𝐸

, 0 < 𝑥 < 𝐿(𝑡),

(2.21)
𝜕𝐵
𝜕𝑡

+ 𝜕
𝜕𝑥

(𝑣𝐵) = 𝐷𝐵
𝜕2𝐵
𝜕𝑥2

+
(

𝐺1 − 𝐺4𝜙𝐶
) 𝜙𝑆
1 + 𝜙𝑆

𝐵−

𝐵 − max
(

𝛽1(𝜙𝐶 − 1), 0
)

𝐵, 0 < 𝑥 < 𝐿(𝑡),

(2.22)
𝜕𝐸
𝜕𝑡

+ 𝜕
𝜕𝑥

(𝑣𝐸) = 𝐷𝐸
𝜕2𝐸
𝜕𝑥2

+ 𝐺2
𝜙𝑆

1 + 𝜙𝑆
𝐵, 0 < 𝑥 < 𝐿(𝑡),

(2.23)
𝜕
𝜕𝑡
(𝜙𝑆) + 𝜕

𝜕𝑥
(𝑣𝜙𝑆) = 𝐷𝑆

𝜕
𝜕𝑥

(

𝜙𝜕𝑆
𝜕𝑥

)

− 𝐺3
𝜙𝑆

1 + 𝜙𝑆
𝐵, 0 < 𝑥 < 𝐿(𝑡),

(2.24)
𝜕
𝜕𝑡
(𝜙𝐶) + 𝜕

𝜕𝑥
(𝑣𝜙𝐶) = 𝐷𝐶

𝜕
𝜕𝑥

(

𝜙𝜕𝐶
𝜕𝑥

)

− 𝛽4𝜙𝐶, 0 < 𝑥 < 𝐿(𝑡),

(2.25)

𝜕𝜙
𝜕𝑡

+ 𝜕
𝜕𝑥

(𝑣𝜙) =
𝜙

1 − 𝜙

(

(

𝐺1 − 𝐺4𝜙𝐶
𝜌𝐵

+
𝐺2

𝜌𝐸

)

𝜙𝑆
1 + 𝜙𝑆

𝐵−

𝐵
𝜌𝐵

−
max(𝛽1(𝜙𝐶 − 1), 0)𝐵

𝜌𝐵

)

, 0 < 𝑥 < 𝐿(𝑡),

(2.26)

𝜕𝑣
𝜕𝑥

= 1
1 − 𝜙

(

(

𝐺1 − 𝐺4𝜙𝐶
𝜌𝐵

+
𝐺2

𝜌𝐸

)

𝜙𝑆
1 + 𝜙𝑆

𝐵−

𝐵
𝜌𝐵

−
max(𝛽1(𝜙𝐶 − 1), 0)𝐵

𝜌𝐵

)

, 0 < 𝑥 < 𝐿(𝑡),

(2.27)
𝑑𝐿
𝑑𝑡

= 𝑣(𝐿). (2.28)

where the diffusion terms in (2.26)–(2.27) have been neglected since 
they are significantly smaller compared to the reaction terms, thus 
enabling computational simplification without affecting the model be-
haviour.

The nondimensional initial conditions are given by:
𝐶𝑑 (𝑥, 0) = 𝐶0

𝑑 , − 𝐿𝑑 < 𝑥 < 0,

(2.29)
𝐶(𝑥, 0) = 0, 𝑆(𝑥, 0) = 𝑆0, 𝜙(𝑥, 0) = 𝜙0, 0 < 𝑥 < 𝐿(𝑡),

(2.30)

𝐵(𝑥, 0) = 𝐵0 exp
(

𝑣(𝑥, 0) 𝑥
𝐷𝐵

)

, 𝐸(𝑥, 0) = 𝐸0 exp
(

𝑣(𝑥, 0) 𝑥
𝐷𝐸

)

, 0 < 𝑥 < 𝐿(𝑡),

(2.31)

𝐿(0) = 1. (2.32)

The nondimensional boundary conditions are given by:

−𝐷(−𝐿 )
𝜕𝐶𝑑 (−𝐿 , 𝑡) = 0, (2.33)
𝑑 𝜕𝑥 𝑑
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−𝐷𝐵
𝜕𝐵
𝜕𝑥

(0, 𝑡) = −𝐷𝐸
𝜕𝐸
𝜕𝑥

(0, 𝑡) = −𝐷𝑆
𝜕𝑆
𝜕𝑥

(0, 𝑡) = 0, (2.34)

𝐶𝑑 (0, 𝑡) = 𝐶(0, 𝑡), −𝐷(0)
𝜕𝐶𝑑
𝜕𝑥

(0, 𝑡) +𝐷𝐶
𝜕𝐶
𝜕𝑥

(0, 𝑡) = 0, (2.35)

𝜙(0, 𝑡) = 𝜙0, 𝑣(0, 𝑡) = 0, (2.36)

𝑆(𝐿(𝑡), 𝑡) = 𝑆0, 𝐶(𝐿(𝑡), 𝑡) = 0,
𝜕𝜙
𝜕𝑥

(𝐿(𝑡), 𝑡) = 0 (2.37)

−𝐷𝐵
𝜕𝐵
𝜕𝑥

(𝐿(𝑡), 0) + 𝑣𝐵(𝐿(𝑡), 𝑡) = 0, (2.38)

−𝐷𝐸
𝜕𝐸
𝜕𝑥

(𝐿(𝑡), 0) + 𝑣𝐸(𝐿(𝑡), 𝑡) = 0. (2.39)

3. Solution methodology

Before solving the nondimensional differential equations (2.20)–
(2.28), subject to (2.29)–(2.39), we choose to employ boundary immo-
bilization to transform the moving-boundary problem to a problem on a 
fixed domain. Specifically, we use the following transformation [0, 𝐿(𝑡)]:
𝜉 = 𝑥

𝐿(𝑡)
, 𝐷(𝜉) = 𝐷(𝑥), 𝐵(𝜉, 𝑡) = 𝐵(𝑥, 𝑡), 𝐸(𝜉, 𝑡) = 𝐸(𝑥, 𝑡),

𝐶(𝜉, 𝑡) = 𝐶(𝑥, 𝑡),

𝑆(𝜉, 𝑡) = 𝑆(𝑥, 𝑡), 𝑣(𝜉, 𝑡) = 𝑣(𝑥, 𝑡), 𝜙(𝜉, 𝑡) = 𝜙(𝑥, 𝑡),

leading to the immobilized domain [0, 1]. For convenience, we also 
transform the domain [−𝐿𝑑 , 0) to [−1, 0) by employing the following:
𝜉 = 𝑥

𝐿𝑑
, 𝐶𝑑 (𝜉, 𝑡) = 𝐶𝑑 (𝑥, 𝑡).

The resulting boundary immobilized equations (detailed in Appendix) 
were solved within Comsol Multiphysics. Briefly, we employed the 
‘Transport of diluted species’ module to solve the equations describing 
antibiotic transport within the FGM. The ‘General form PDE’ module 
was used to solve the equations for nutrient, EPS, antibiotic concen-
tration, velocity and porosity within the biofilm. The ‘Domain ODEs 
and DAEs’ module was used to solve the equation for 𝐿. Default solver 
settings were used with a custom relative tolerance set to 0.05 to 
balance speed and precision. The mesh utilized the ‘extremely fine’ 
default with a ‘Maximum element size’ of 0.02, a ‘Maximum element 
growth rate’ of 1.1, and a ‘Resolution of narrow region’ set to 1. Based 
on initial mesh testing, these settings provided an optimal balance 
between computational speed and accuracy, yielding more reliable 
results than the built-in COMSOL mesh settings.

3.1. Parameter values

The parameter values used in this study have primarily been drawn 
from the existing literature and are described in Table  3.1. The majority 
of the biofilm parameters come from [20], with the diffusion coeffi-
cients sourced from [22]. The parameters associated with the FGM are 
taken from a previous modelling study [10]. Initial conditions for 𝐵
and 𝐸 were computed using the volume constraint equation (2.2) with 
the chosen initial porosity 𝜙0. The parameter 𝑆0 was selected from the 
range provided in [20]. The initial drug concentration 𝐶0

𝑑 was chosen 
somewhat arbitrarily, while the initial FGM layer thickness was chosen 
to be representative of thin coatings on medical implants.

4. Results and discussion

We now explore the influence of varying the FGM parameters on 
antibiotic delivery and its influence on the evolution of biofilm thick-
ness and constitution. For the purposes of this study, the dimensional
form of the expression considered for the spatially-varying diffusivity 
is: 
𝐷(𝑥) = 𝐷max − (𝐷max −𝐷min)

1
1 + 𝑒−𝜆(𝑥−𝜎)

, (4.1)

where the constants 𝐷max and 𝐷min represent the maximum and mini-
mum diffusion coefficients, respectively. This FGM diffusivity form has 
4 
been selected for its simplicity and flexibility to control the antibiotic 
transport via only two tuning tuning parameters: 𝜆 (inversely related to 
the width of the transition layer) and 𝜎 (the location of the transition 
centre) (See Table  3.1)  [10]. Note that 𝐷 describes a continuous sig-
moidal material function varying from 𝐷max to 𝐷min that overcomes the 
abrupt material variation typical of the two-layer composite materials. 
The corresponding nondimensional expression (after defining nondi-
mensional 𝐷′

min = 𝐷min∕𝑏𝐿2
0 and 𝐷′

max = 𝐷max∕𝑏𝐿2
0 as in Section 2.2, 

dropping primes and then employing the transformation described in 
Section 3) is: 

𝐷(𝜉) = 𝐷max − (𝐷max −𝐷min)
1

1 + 𝑒−𝛬(𝜉−𝛴)
, (4.2)

where 𝛬 = 𝜆𝐿𝑑 and 𝛴 = 𝜎∕𝐿𝑑 .
We firstly consider seven cases whereby we vary FGM parame-

ters while ensuring the spatially-averaged diffusion coefficient 𝐷⋆ is 
constant. This approach enables direct comparison with the case of a 
constant diffusion coefficient of value 𝐷⋆. Integrating (4.2) over the 
FGM domain yields:

𝐷⋆ = ∫

0

−1
𝐷(𝜉)𝑑𝜉,

= 𝐷max − (𝐷max −𝐷min)
[

1 + 1
𝛬𝐿𝑑

ln
(

1 + 𝑒𝛬𝛴

1 + 𝑒𝛬(𝛴+𝐿𝑑 )

)]

. (4.3)

In order to demonstrate the differential drug release properties that one 
may obtain with an FGM having identical 𝐷⋆, for simplicity we choose 
to vary only 𝐷max and 𝐷min while keeping 𝛴 and 𝛬 constant. Table 
4.1 presents the seven cases we consider, with Case 3 representing the 
baseline (i.e. the pair of 𝐷max and 𝐷min values initially used to compute 
𝐷⋆) and Case 7 representing the constant diffusivity case. The time-
varying nondimensional total concentration of antibiotic in the FGM 
coating, 𝑀𝑑 (𝑡), equivalent to the nondimensional mass per unit area, 
may be calculated as 

𝑀𝑑 (𝑡) = ∫

0

−1
𝐶𝑑 (𝜉, 𝑡)𝑑𝜉, (4.4)

from which the cumulative fraction of drug mass released, the drug 
release profile, 𝑃𝑟, may be computed as 

𝑃𝑟(𝑡) = 1 −
𝑀𝑑 (𝑡)
𝑀0

𝑑

(4.5)

with 𝑀0
𝑑 = 𝐶0

𝑑 in this nondimensional formulation. We also compute 
the total concentration of bacteria (𝐵𝑇 (𝑡)), EPS (𝐸𝑇 (𝑡)) and drug (𝐶𝑇 (𝑡)), 
defined as the spatial integral of each variable over the biofilm domain:

𝐵𝑇 (𝑡) = ∫

1

0
𝐵(𝜉, 𝑡)𝑑𝜉, (4.6)

𝐸𝑇 (𝑡) = ∫

1

0
𝐸(𝜉, 𝑡)𝑑𝜉, (4.7)

𝐶𝑇 (𝑡) = ∫

1

0
𝐶(𝜉, 𝑡)𝑑𝜉. (4.8)

In Fig.  4.1 we show, for the seven cases considered, plots of the 
time evolution of the key quantities of interest: biofilm thickness, total 
bacteria concentration (4.6), total EPS concentration (4.7), total drug 
concentration in the biofilm (4.8), and the drug release profile (4.5).

An immediate observation is that by varying the FGM parameters 
while ensuring the spatially-averaged diffusivity is constant, we observe 
notable differences in the time-evolution of the quantities of interest, 
not only in terms of the magnitude of the quantities but also in terms 
of the observed behaviour. In Fig.  4.1 A we observe that the constant 
diffusion coefficient case (Case 7) gives rise to the thickest biofilm, and 
that this thickness is still increasing at the end of the simulation (50 
days). Similar results are obtained with Cases 3–6, albeit a delay in the 
growth of the biofilm was observed in these cases, as a result of slower 
drug release (Fig.  4.1 F) leading to higher drug concentrations in the 
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Table 3.1
Description of dimensional and nondimensional model parameters, along with values used in the simulations. The values of 𝐷max and 𝐷min here 
are considered the baseline values, but are varied in Section 4.
 Parameter Physical meaning Value Corresponding 

nondimensional parameter
Reference  

 𝜇 Maximal nutrient consumption rate 1.1111 × 10−4 s−1 𝐺3=9.2352 [20]  
 𝑘𝑆 Nutrient consumption half saturation constant 6.5 × 10−4 kg∕m3 – [20]  
 𝑘𝐵 Metabolic rate to biomass production rate 

conversion factor
0.86625 𝐺1=8 [20]  

 𝑘𝐸 Metabolic rate to EPS production rate 
conversion factor

𝑘𝐵 𝐺2=8 [20]  

 𝑘𝐶 Degradation rate of antibiotic 6.4583 × 10−5 s−1 𝛽4=5.368 [20]  
 𝜅 Antibiotic effectiveness rate 192.92 m3∕𝑘𝑔 𝐺4=57.013 [20]  
 𝛼1 Stationary antibiotic effectiveness rate 0.011743 m3∕(𝑘𝑔 𝑠) – [20]  
 𝛼2 Stationary antibiotic minimal concentration 3.7576 × 10−4 s−1 𝛽1=31.232 [20]  
 𝑏 Proliferative bacteria endogenous death rate 1.2031 × 10−5 s−1 – [20]  
 𝐷𝑆 Diffusion coefficient of nutrient 2.97 × 10−10 m2∕𝑠 𝐷′

𝑆 = 2.7429 × 108 [20]  
 𝐷𝐶 Diffusion coefficient of antibiotic 10−11 m2∕𝑠 𝐷′

𝐶 = 9.2352 × 107 [20]  
 𝐷𝐵 Diffusion coefficient of bacteria 1.485 × 10−10 m2∕𝑠 𝐷′

𝐵 = 1.3714 × 108 [22]  
 𝐷𝐸 Diffusion coefficient of EPS 1.485 × 10−10 m2∕𝑠 𝐷′

𝐸 = 1.3714 × 108 [22]  
 𝜌𝐵 Mass density of bacteria 200 kg∕m3 𝜌′𝐵 = 3.0769 × 105 [20]  
 𝜌𝐸 Mass density of EPS 33 kg∕m3 𝜌′𝐸 = 5.0769 × 104 [20]  
 𝐿0 Initial biofilm thickness 3 × 10−7m 1 This study 
 𝐵0 Initial bacteria concentration 5.6652 kg∕m3 𝐵′

0=8715.7 This study 
 𝐸0 Initial EPS concentration 5.6652 kg∕m3 𝐸′

0=8715.7 This study 
 𝑆0 Nutrient concentration from bulk fluid 0.001 kg∕m3 𝑆′

0=1.5385 This study 
 𝐶0

𝑑 Initial concentration of antibiotic in FGM 1000 kg∕m3 𝐶0′
𝑑 = 31250 This study 

 𝜙0 Initial porosity 0.5 0.5 This study 
 𝐷max Baseline max. diffusivity 2 × 10−15 m2∕𝑠 𝐷′

max = 1847 [10]  
 𝐷min Baseline min. diffusivity 2 × 10−17 m2∕𝑠 𝐷′

min = 18.47 [10]  
 𝜆 inverse of transition width 4 ⋅ 106 m−1 𝛬 = 20 [10]  
 𝜎 transition centre −2.5 ⋅ 10−6 m 𝛴 = −0.5 [10]  
 𝐿𝑑 FGM layer thickness 5 ⋅ 10−6 m 𝐿′

𝑑=16.667 This study 
Table 4.1
Summary of the different cases of FGM diffusivity having the same 𝐷⋆ = 932.76, 
computed using the values in Table  3.1. Case 3 represents the baseline (i.e. the 
pair of nondimensional 𝐷max and 𝐷min from Table  3.1 that were initially used to 
compute 𝐷⋆), while Case 7 represents the constant diffusivity case. 
 Case 𝐷max 𝐷min  
 1 1856.3 9.2352 
 2 1851.7 13.853 
 3 1847 18.47  
 4 1837.8 27.706 
 5 1819.3 46.176 
 6 1773.2 92.352 
 7 932.76 932.76 
biofilm at early times (Fig.  4.1 E). Thus in Cases 3–7, it is evident that 
the drug is released in such a way that it suppresses bacterial growth 
for a period of time, before declining drug levels enable the bacteria 
to proliferate rapidly (Fig.  4.1 C), while depositing EPS. Eventually, 
the rate of bacterial growth declines substantially to some steady state, 
whereafter EPS continues to be produced at a steady rate (Fig.  4.1 A). 
A notably different trend is observed for the other Cases 1–2. These 
correspond to (i) slower rates of drug release (Fig.  4.1 F), (ii) higher 
peak drug concentrations in the biofilm (Fig.  4.1 E) and, importantly, 
(iii) complete stagnation of biofilm growth (Fig.  4.1 A). It is evident 
from Fig.  4.1 C that Cases 1–2 essentially eliminate bacteria, ensuring 
essentially zero bacterial growth and halted EPS deposition (Fig.  4.1 D) 
over the time period of interest.
5 
While 𝐷max is broadly similar across Cases 1–6, the key difference 
in the cases of biofilm stagnation is a reduced 𝐷min. However, inter-
estingly, while the lowest 𝐷min (Case 1) gives rise to the slowest drug 
release profile, an intermediate value of 𝐷min (Case 2) gives rise to the 
thinnest biofilm. This underlines the non-linear nature of the system 
and the insight that can be provided through mathematical modelling.

A key feature of the results is that biofilm growth is completely 
halted for the duration of the simulation for some diffusivity param-
eters, while for other values, the biofilm thickness starts to increase 
at some critical time, 𝑇𝑐 , after an initial period of suppression due to 
antibiotic exposure. In Fig.  4.2, we explore the influence of the key 
parameter 𝐷min on 𝑇𝑐 , while keeping all other parameters at their 
baseline values. We observe that reducing 𝐷  results in an increase 
min
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Fig. 4.1. Plot of the time evolution of the key non-dimensional quantities of interest up to the dimensional time of 50 days. The model parameters were fixed 
as per Table  3.1 while the FGM parameters were varied according to Table  4.1.
in 𝑇𝑐 in a nonlinear manner, increasing sharply for values of 𝐷min
below 100. For 𝐷min ≤ 10, 𝑇𝑐 is not observed within the 50 days 
simulated. These results highlight the importance of the parameter 
𝐷min in extending the time period of suppression of biofilm thickness.

It is also informative to explore how varying FGM parameters alters 
drug release characteristics. In Table  4.2 we compute the nondimen-
sional times for 50% and 95% drug release. Furthermore, to compare 
6 
drug release at an early time, we provide calculations of % drug release 
at the non-dimensional time of 1 (𝑃𝑟(1)). These metrics were computed 
by varying, one at a time, nondimensional 𝐷max, 𝐷min, 𝛬 and 𝛴, while 
keeping all other parameters at the baseline as in Table  3.1. The results 
show that increasing 𝐷max or 𝐷min results in a decrease in the times for 
50% and 95% drug release, and an increase in 𝑃𝑟(1). In other words, 
faster drug release. The change in drug release metrics with varying 𝛬
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Table 4.2
Nondimensional times for 50% and 95% drug release times for different values of nondimensional FGM parameters, obtained by 
changing one FGM parameter at a time while assuming the other parameters are unchanged from the baseline as in Table  3.1. 
The metric 𝑃𝑟(1) is an indicator of drug release at early time and corresponds to the % of drug released at the nondimensional 
time of 1.
 Nondimensional parameter value Time for 50% release Time for 95% release % release at 𝑡 = 1 
 𝐷max = 92.352 3.8 15.7 11.5%  
 𝐷max = 923.52 2.8 11.4 19%  
 𝐷max = 9235.2 1.8 7.3 31%  
 𝐷min = 9.2352 4.4 18.7 11%  
 𝐷min = 92.352 0.6 2.5 67%  
 𝐷min = 923.52 0.09 0.4 100%  
 𝛬 = 15 1.9 7.5 29.5%  
 𝛬 = 30 3 12.3 16.8%  
 𝛬 = 80 3.7 15.6 12.7%  
 𝛴 = −0.25 0.5 2 77%  
 𝛴 = −0.5 2.5 10.6 21.8%  
 𝛴 = −0.75 4 16.5 10.5%  
.

Fig. 4.2. Plot showing the influence of nondimensional 𝐷min on the critical 
time 𝑇𝑐 at which the biofilm thickness starts to increase after an initial period 
of suppression due to antibiotic exposure. All other parameters are maintained 
at their baseline values.

and 𝛴 is perhaps less obvious. Our results show that increasing 𝛬 slows 
drug release by increasing the times for 50% and 95% drug release 
while decreasing 𝑃𝑟(1). Increasing the magnitude of 𝛴 has a similar 
effect. While these results are somewhat expected, the real value in 
the model lies in the rapid computation of these values to enable the 
exploration of a desired design space.

5. Limitations

Biofilm formation and evolution is a highly complex process. In 
order to obtain a tractable mathematical model, the underlying bi-
ology has necessarily been simplified. A more complex model could 
account for bacterial phenotype switching and more sophisticated nu-
trient dependencies, for example, as well as an extension to two or 
three-dimensional geometries. Notwithstanding, we believe that the 
present model is sufficiently complex to explore antibiotic-delivery 
from a non-homogeneous FGM material, and our promising results 
support further investigation with the incorporation of more complex 
model features.

6. Conclusion

Functionally graded materials (FGMs) have emerged as promising 
candidates for next-generation drug delivery systems, potentially offer-
ing customizable drug release. In this study, we introduced a novel 
7 
coupled mathematical model that integrates antibiotic release from 
an FGM coating with the concurrent dynamics of biofilm growth—
providing a unified theoretical framework that has not previously been 
explored in this context.

Our results demonstrate that the kinetics of drug release, the du-
ration of effective antibiotic activity, and the evolution of biofilm 
structure can be significantly modulated through rational design of 
FGM parameters. In particular, we show that employing an FGM with 
spatially varying diffusivity can yield superior performance compared 
to traditional homogeneous coatings. These findings establish FGMs 
as a distinct and versatile paradigm for designing infection-resistant 
biomedical coatings and highlight the importance of mathematical 
modelling as a predictive tool for optimizing such systems.
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Appendix. Boundary immobilized equations

Following the boundary immobilization procedure described in Sec-
tion 3, the transformed governing equations are then readily shown to 
be: 
𝜕𝐶𝑑

𝜕𝑡
= 1

𝐿2
𝑑

𝜕
𝜕𝜉

(

𝐷(𝜉)
𝜕𝐶𝑑

𝜕𝜉

)

, − 1 < 𝜉 < 0,

(A.1)

1 = 𝜙 + 𝐵
𝜌𝐵

+ 𝐸
𝜌𝐸

, 0 < 𝜉 < 1,

(A.2)
𝜕𝐵
𝜕𝑡

−
𝜉
𝐿

𝑑𝐿
𝑑𝑡

𝜕𝐵
𝜕𝜉

+ 1
𝐿

𝜕
𝜕𝜉

(𝑣𝐵) =
𝐷𝐵

𝐿2
𝜕2𝐵
𝜕𝜉2

+

(

𝐺1 − 𝐺4𝜙𝐶
) 𝜙𝑆

1 + 𝜙𝑆
𝐵 − 𝐵 − max

(

𝛽1(𝜙𝐶 − 1), 0
)

𝐵, 0 < 𝜉 < 1,

(A.3)
𝜕𝐸
𝜕𝑡

−
𝜉
𝐿

𝑑𝐿
𝑑𝑡

𝜕𝐸
𝜕𝜉

+ 1
𝐿

𝜕
𝜕𝜉

(𝑣𝐸) =
𝐷𝐸

𝐿2
𝜕2𝐸
𝜕𝜉2

+ 𝐺2
𝜙𝑆

1 + 𝜙𝑆
𝐵, 0 < 𝜉 < 1,

(A.4)
𝜕
𝜕𝑡
(𝜙𝑆) −

𝜉
𝐿

𝑑𝐿
𝑑𝑡

𝜕𝑆
𝜕𝜉

+ 1
𝐿

𝜕
𝜕𝜉

(𝑣𝜙𝑆) =
𝐷𝑆

𝐿2
𝜕
𝜕𝜉

(

𝜙 𝜕𝑆
𝜕𝜉

)

−

𝐺3
𝜙𝑆

1 + 𝜙𝑆
𝐵, 0 < 𝜉 < 1,

(A.5)
𝜕
𝜕𝑡
(𝜙𝐶) −

𝜉
𝐿

𝑑𝐿
𝑑𝑡

𝜕𝐶
𝜕𝜉

+ 1
𝐿

𝜕
𝜕𝜉

(𝑣𝜙𝐶) =
𝐷𝐶

𝐿2
𝜕
𝜕𝜉

(

𝜙 𝜕𝐶
𝜕𝜉

)

− 𝛽4𝜙𝐶, 0 < 𝜉 < 1,

(A.6)

𝜕𝜙
𝜕𝑡

−
𝜉
𝐿

𝑑𝐿
𝑑𝑡

𝜕𝜙
𝜕𝜉

+ 1
𝐿

𝜕
𝜕𝜉

(𝑣𝜙) =
𝜙

1 − 𝜙

( (

𝐺1 − 𝐺4𝜙𝐶
𝜌𝐵

+
𝐺2

𝜌𝐸

)

𝜙𝑆

1 + 𝜙𝑆
𝐵 − 𝐵

𝜌𝐵
−

max(𝛽1(𝜙𝐶 − 1), 0)𝐵
𝜌𝐵

)

, 0 < 𝜉 < 1,

(A.7)

1
𝐿

𝜕𝑣
𝜕𝜉

= 1
1 − 𝜙

((

𝐺1 − 𝐺4𝜙𝐶
𝜌𝐵

+
𝐺2

𝜌𝐸

)

𝜙𝑆

1 + 𝜙𝑆
𝐵−

𝐵
𝜌𝐵

−
max(𝛽1(𝜙𝐶 − 1), 0)𝐵

𝜌𝐵

)

, 0 < 𝜉 < 1,

(A.8)
𝑑𝐿
𝑑𝑡

= 𝑣(1). (A.9)

The transformed initial conditions are given by: 
𝐶𝑑 (𝜉, 0) = 𝐶0

𝑑 , −1 < 𝑥 < 0, (A.10)

𝐶(𝜉, 0) = 0, 𝑆(𝜉, 0) = 𝑆0, 𝜙(𝜉, 0) = 𝜙0, 0 < 𝜉 < 1, (A.11)

𝐵(𝜉, 0) = 𝐵0 exp
𝑣(𝜉, 0)
𝐷𝐵

𝜉, 𝐸(𝜉, 0) = 𝐸0 exp
𝑣(𝜉, 0)
𝐷𝐸

𝜉, 0 < 𝜉 < 1, (A.12)

𝐿(𝑡 = 0) = 1. (A.13)

The transformed boundary conditions are given by:

−
𝐷(−1)
𝐿𝑑

𝜕𝐶𝑑
𝜕𝜉

(−1, 𝑡) = 0, (A.14)

−
𝐷𝐵
𝐿

𝜕𝐵
𝜕𝜉

(0, 𝑡) = −
𝐷𝐸
𝐿

𝜕𝐸
𝜕𝜉

(0, 𝑡) = −
𝐷𝑆
𝐿

𝜕𝑆
𝜕𝜉

(0, 𝑡) = 0, (A.15)

𝐶𝑑 (0, 𝑡) = 𝐶(0, 𝑡), −
𝐷(0)
𝐿𝑑

𝜕𝐶𝑑
𝜕𝜉

(0, 𝑡) +
𝐷𝐶
𝐿

𝜕𝐶
𝜕𝜉

(0, 𝑡) = 0, (A.16)

𝜙(0, 𝑡) = 𝜙0, 𝑣(0, 𝑡) = 0. (A.17)

𝑆(1, 𝑡) = 𝑆0, 𝐶(1, 𝑡) = 0, 1
𝐿

𝜕𝜙
𝜕𝜉

(1, 𝑡) = 0, (A.18)

−
𝐷𝐵 𝜕𝐵 (1, 0) + 𝑣𝐵(1, 𝑡) = 0, −

𝐷𝐸 𝜕𝐸 (1, 0) + 𝑣𝐸(1, 𝑡) = 0. (A.19)

𝐿 𝜕𝜉 𝐿 𝜕𝜉
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Data availability

All data supporting this study are provided within the main text and 
appendix.
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