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Lagrangian methods

D 0

5:0=5:0+¥70

@ J. Von Neumann, R. D. Richtmyer. A method for the numerical calculation of
hydrodynamic shocks.J. Applied Physics 21 (1950) 232-237.

Advantages
@ availability of trajectory information;
@ less numerical diffusion;

@ material interfaces are precisely located and identified.
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@ J. Von Neumann, R. D. Richtmyer. A method for the numerical calculation of
hydrodynamic shocks.J. Applied Physics 21 (1950) 232-237.

Advantages
@ availability of trajectory information;
@ less numerical diffusion;

@ material interfaces are precisely located and identified.

Disadvantages
@ high computational cost;

@ mesh distortion.
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1. Introduction and motivation

Lagrangian methods (brief overview)

Cell-centered finite volume schemes for hydrodynamics
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SIAM Journal on Numerical Analysis 31 (1994) 17-42.

@ B. Després, C. Mazeran. Symmetrization of Lagrangian gas dynamic in dimension
two and multimdimensional solvers.

C.R. Mecanique 331 (2003) 475-480.

@ B. Després, C. Mazeran. Lagrangian gas dynamics in two dimensions and
Lagrangian systems.

ARMA 178 (2005) 327-372.

@ P.H. Maire. A high-order cell-centered Lagrangian scheme for two-dimensional
compressible fluid flows on unstructured meshes.
J. Comput. Phys. 228 (2009) 2391-2425.

@ P.-H. Maire, R. Abgrall, J. Breil, J. Ovadia. A cell-centered Lagrangian scheme for
two-dimensional compressible flow problems.
SIAM SISC 29 (2007) 1781-1824.
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1. Introduction and motivation

Lagrangian methods (brief overview)

Finite element schemes for solid mechanics

@ D. P. Flanagan, T. Belytschko. A uniform strain hexahedron and quadrilateral with
orthogonal hourglass control.

IJNME 17 (1981) 679-706.

@ G.L. Goudreau, J.O. Hallquist. Recent developments in large-scale finite element
Lagrangian hydrocode technology.
CMAME 33 (1982) 725-757.

@ G. Scovazzi, B. Carnes, X. Zeng, S. Rossi. A simple, stable, and accurate linear
tetrahedral finite element for transient, nearly, and fully incompressible solid
dynamics: a dynamic variational multiscale approach.

IJNME 106 (2016) 799-839.
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1. Introduction and motivation

Lagrangian methods (brief overview)

Finite volume schemes for solid mechanics

@ J.A. Trangenstein and P. Colella. A higher-order Godunov method for modeling
finite deformation in elastic-plastic solids.

Communications on Pure and Applied Mathematics 44 (1991) 41-100.

@ G. Kluth, B. Després. Discretization of hyperelasticity on unstructured mesh with a
cell-centered Lagrangian scheme.

JCP 229 (2010) 9092-9118.

@ J. Bonet, A. J. Gil, C. Hean Lee, M. Aguirre, R. Ortigosa. A first order hyperbolic

framework for large strain computational solid dynamics. part |: Total Lagrangian
isothermal elasticity.

CMAME 283 (2015) 689-732.

@ A. J. Gil, C. Hean Lee, J. Bonet, and R. Ortigosa. A first order hyperbolic
framework for large strain computational solid dynamics. part II: Total Lagrangian

compressible, nearly incompressible and truly incompressible elasticity.
CMAME 300 (2016) 146-181.
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2. The GPR model in Lagrangian formulation

Updated Lagrangian framework

Lagrange-Euler mapping

Figure: Lagrange-Euler mapping ® relating a material Lagrangian point X at t = 0 and
a spatial Eulerian one x at t > 0.

B — p(t) Computational domain
X — x=®(X,t) Lagrange-Euler mapping
F(X,t) = Vx®(X,1t) Deformation gradient

J(X,t) =det(F(X,t))s.t. J(X,t=0)=1 Determinant of F
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2. The GPR model in Lagrangian formulation

Updated Lagrangian framework

Measures of deformation

Decomposition of the total deformation gradient: I = F.F,

Effective elastic distortion: A = F,1

Infinitesimal frame A, (local basis triad) that characterizes deformation
and orientation of the material particles.

Compatibility condition: V x A, =0

Metric tensor: G, = AJA,

Deviatoric part: Ge = Ge — %tr(Ge)]I

Nonlinear (quadratic) compatibility condition.
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The Godunov-Peshkov-Romenski (GPR) model

(I. Peshkvo and E. Romenski. Cont. Mech. Therm. 2016)

Physical variables: Q := {w,v, E,J,G.}

dw
Pt

p%fvm:o, (1b)

poE V() +V q=0, (1c)

dJ H
pa+v9:—%, (1d)

dG. .2
a1t +GVv+ Vv Ge = p@a’ (1e)

—-V.-v=0, (1a)

Notation _
p mass density p~!  specific volume

w =
v =(u,v,w) velocity vector T Cauchy stress tensor
E(p,p,v,G.) total energy J thermal impulse
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Energy and Cauchy stress

Total energy: E = Ep(p, p) + Ee(Ge) + Een(d) + Ex(v)

2
Ciy e 1 1
Ev=c(p,p)  Ee=2Gel®  En=30’W>  EBc=slv|?

Cauchy stress tensor: T = —pll + o

Pressure (hydrodynamic energy): p
BE

T. tial stress: —2pGe——
angential stress p °3G.

pChG G

Remark. The spherical part of o for our choice of the elastic energy is not zero
but scales as ~ ||G./|?
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Equation of state (EOS) for Ej,

@ ideal gas EQS

? b==. &=

e(p,p) = ——,
(p:) p(y—1) cv p
@ Mie-Gruneisen EOS

— pocdf(J J—1)(J—3ir(J -1
c(p.p) =P ZZ;(; ) f(J):( (J)(—s(12_01())2 ).

with J = ﬁ.

@ Neo-Hookean hyperelastic EOS

e(p.p) = 4;;0 (=12 +(log(4)?), p= _g (J 14 |0gJ(J)) 7

where G = pocSQh is the shear modulus.
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Closure for inelastic deformations and fluid flows

Relaxation function in the source term for G,

C2
0= 71%@4—5/6

|Ge| = det(Ge) and 71 is the strain relaxation time.

fluds — 7= pi‘:g w: dynamic viscosity coefficient
. n - .
solids — 71 =17 =710 (%) 710, n: material parameters, oy: Yield stress
T o 1
o =4/5tr(62), =0~ str(o)l
solids fluids
L = 00 elastic solids 0< 7 <00, 09=0 viscous fluids
0 < 711(00) < oo elastoplastic solids 73 =0, og =0 ideal fluids
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2. The GPR model in Lagrangian formulation

Heat conduction

Relaxation function in the source term for J

%
00’
Consistency with second law of thermodynamics:

2
V = a“mo7o, Too =

q = 0H = o264, H:.= oE

—_— = 2
=33 a‘J.

Thermal perturbation propagation speed: cﬁ = ;‘—jci
0 v

Effective heat conductivity: k = 7'2@2% = Fourier law: q = —xV4

Notation
T thermal relaxation time

f#  temperature
«  parameter related to the thermal propagation speed
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3. Cell-centered finite volume scheme on unstructured grids

© Cell-centered finite volume scheme on unstructured grids
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3. Cell-centered finite volume scheme on unstructured grids

Computational mesh and data representation

Unstructured grid composed of triangles or tetrahedra

Corner vector: ¢, = % > sgngosuch that ) ¢, =0

fEF, reR;
Cell mass: m;:= [ pdx
Ti(t)
Cell average: ¢; = mi, [ podx

Ti(t)
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Fully discrete finite volume scheme

Physical balance laws [Mplicit-EXplicit time discretization
At 1 n
Wit =wf =Y ( 4 4cH2 +cf,.+1) : (2a)
m rer;
At =
Vit =i+ — (2b)
" remr;
n+1 n At * o~k
EM =E+— |> @+ > ang sf| =0, (20)
" Lrer; feF;
+1 H ™
Il =g Z Ol -ng s7 — Atwm, (2d)
Mi ¢e7,
1 207
G =G — At (G2 Li(v*) + L;(v")"GZ) + Atip@’,ﬁ_l , (2e)
Trajectory equation
P =X+ At (3)
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3. Cell-centered finite volume scheme on unstructured grids

Explicit numerical fluxes

Numerical fluxes for the heat conduction

S 1

ani-ni = 5 ( a?0d) + (a?0d)g) - ng — §|)\f| (Ef — Ef),
— 1 1

Ol -ng = 5 (005 + (01)g) - ng — 5’)\1" g —Js),

with A\r = max(aj, ;) and a; = /@ + 3c3 + ch

Discrete velocity gradient for the G¢; equation

E Vr @ Cyj,

reR(i)

L;(

I
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Nonlinear nodal solver

(P.H. Maire, JCP 2009)

Subcell force balance

o j : n * N
Mrvr = M,'rv,- - T, Cn-
i€T:

with the discrete subcell matrix M, and nodal matrix M, given by

M, = Y z'sfnf®nf, M,=> M.

fEF, i€Tr
v
Subcell force definition: F£r=clTr + M, (V) —vl)
Implicit discretization for o1 o/t! = —p/*1c3 Go+l Gt

NB: the nodal solver must be coupled with the trajectory equation, the GCL and
the equation for G,,, in order to obtain x?*1, p/*! and G2*1.

I

strongly nonlinear system
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3. Cell-centered finite volume scheme on unstructured grids

Nonlinear nodal solver

Picard iterative solver for I =1,..., L

o I,nt1 -
glrbotl — E Mv? — T el | M,

r

icT:
X/r+1’"+1 _ Xf + At\7£+1’n+1,
I+1,n+1 mj
[ - )
i |T,"l+1’"+l

I+1,n+1
20,7
I+1,n+1 __ I+1,n+1 14+1,n+1\T
Ge,' n = G" At (G" ( n ) + ]L (V n ) Ggi) Atma
i

I+1,n+1 __ I+1,n+1 2 ~/+1,n+1 A/+1,n+1
0; = —p; CshGe,- Ge; .

Fully implicit discretization for GLF"*1 only!
(Exponentlal |ntegrator (W. Boscheri et aI JCP 2022))
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Nonlinear nodal solver

Stopping criteria

@ The material is an ideal gas — hydrodynamics limit

€h < 67

I+1,n+1 2/3
) I
Po

I+1 . |41+l P
@ The material is a purely elastic solid — ideal elasticity limit

I+1 1
et = |Gt - gl <,

Iy%

where Gftl’"ﬂ is the solution of the homogeneous equation for G,.

@ Convergence is achieved between two consecutive iterations for any of the
following residuals (viscous flows and viscoplastic solids):

|e;,+1fe;,| <4, |e/e+1fe/e| <.
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@ Asymptotic analysis of the scheme
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4. Asymptotic analysis of the scheme

Asymptotic preserving properties

Application of the Chapman-Enskog expansion
¢ = ¢) +eda) + ) + ... + O(eF)
up to the first order in €2 and 1 to J; and G, yields

At 5 107 po +1 +1 2
_= Z Ogl - g sf — — 9—' T (",".(o) + 52J?(1)) + O(e3),
mi feF,; €2 0o pf

—at (620 +£16%)) Lie™) = L)' (6L ) +=160))]

+1 +1
Jio) + 23y — i) — =23

+1 +1
Colo) T 518e ) — Ce0 — =1Cqm) =

6 | nt1 ntl [5/6 [ ntl n+l antl antl
to (G 6| (65 + 280) (Bl + 1650
+0(e3).
Asymptotic analysis
Heat flux limit of the at 1-st order —  discrete Fourier law

discrete viscous stresses vanish

Viscous stress tensor limit at O-th order —
discrete viscous stress of CNS

Viscous stress tensor limit at 1-st order —
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5. Second order extension in space and time
Outline

© Second order extension in space and time
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5. Second order extension in space and time

Space: TVD piecewise linear reconstruction

M A~
Reconstruction polynomial: wf(x") = > ¢(§) w]'; (modal basis functions)
Reconstruction stencil: §; = U Thi) with ne = d - M

Conservation principle: ﬁTfnw/( Wi dx = Q7, VTr €S
J

Minmod limiter: W;’J = b; Wﬁi with b; = min,cr, b,

. Q" max Qn n n n

min (1, W) if W, (Xr) > Q,’

- . Qn min Qn . n n
bl,r min (1, m) |f W,' (X ) < Q,'

i

1 if wl'(x!)=Q’
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Time: IMplicit-EXplicit Runge-Kutta time stepping

Splitting of the PDE: % =L(t,Q,VQ) + Lin(t,Q)

p Vv 0

p'V.-T 0

Lo(t,Q,VQ)=| p'V-(Tv4+q) |, Lm(t,Q)= 0
p IV TI —H/v
—(GeVv + VW' Ge) 20 /(p©)

Second order IMEX ARS(2,2,2) with 8 =1 — /2/2

W _qn

% = BL(t",Q",VQ") + 5 Lin(tD, QW)

Qn+1 _ Qn

= (B-DLa(t".Q,VQ) + (2 ) L™, QW VQW)

+ BLm(QW) + (1= B) Lin(tM, QW) + 5 Lim(t", Q")

. . . . . dx
Remark. The same discretization applies to the trajectory equation: i
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@ Numerical results
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Convergence studies (hydrodynamics limit: 7, = 10-24)

2D LGPR 01 (1, =10"1)

h(Q(ty)) (o), o(/p) up Oow) Ey O(E)
326E-01 5405E-02 - 1547E-01 - 2579E-01 -
247E-01  4164E-02 096 1219E-01 088  2.044E-01 0.6
163E-01  3.053E-02 074 8866E-02 076  1471E-01  0.78
128E-01  2286E-02 120 7041E-02 096  1164E-01 097
2D LGPR 02 (1 =107%)

hQts) (), o/p)  up ow) Ey O(E)
326E-01  4996E-02 - 4895E-02 - 0281E-02 -
247E-01  3312E-02 149 3.020E-02 176  5509E-02 190
163E-01  1913E-02 132 1534E-02 163  2858E-02 158
128E-01  1327E-02 151 9153E-03 213  1770E-02 198

3D LGPR 01 (1, = 10 14)

h(Q(tp) (o), o/p)  uy Ow) Ey O(E)
520E-01  2389E-01 - 5600E-01 - 8781E-01 -
3.62E-01  2013E-01 035 4075E-01 065  6.660E-01 056
2.31E-01  1752E-01 031 2882E-01 077  4877E-01  0.69
181E-01  1454E-01  0.76 2301E-01 091  3.974E-01  0.83
3D LGPR 02 (1, = 10"1)

h(Q(tr) (o), oa/p) up, Ow) Ep O(E)
529E-01  2.899E-01 - 2946E-01 - 5185E-01 -
3.62E-01  1426E-01 144 1188E-01 185  2275E-01 167
231E-01  8304E-02 120 5829E-02 159  1099E-01 162
181E-01  5931E-02 137 3.600E-02 196  7206E-02 172
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6. Numerical results

Kidder problem (hydrodynamics limit: 7, = 10-24)

Radius (2D)

Radius (3D)

05

L
0.15

GPR (02)

| L L
025 Ohes 0 0.05

L |
0.1 0.15 02 0.25
time

t Lagrangian schemes for con

mechanics



Numerical results

Sedov problem (hydrodynamics limit: 7 = 10-14)

LGPR (02) h=180
Exact solution

LGPR (02)
Exact solution

12 7
6F
sk
4k
>06 o 3fF
2k
IR
R
%\&5
N
W
A\ of
L
12 - 0.2
x
7
6
a
- L
! 02
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6. N

erical results

Riemann problems with viscous fluids (1= pmic2)

mmom 1o Lo cn =103
R e R e
oot
ol
T F_L
«
e on o 02 -3
s R e
:
o of
ozr ’K

LGPR (02 j=te2
Referance soluion

LGPR(02) jste2
Refarance solution

LaPR(02) 1= 103
Rlerence soluion

LGPR(02) y=50:3
Relerence solution

LGPA(02) yete2
Roferance solution




Numerical results

Heat conduction in a gas (x = na?%)
PO

0.5

o LGPR(02) = LGPR(02)
25 Reference solution Reference solution

Temperature
heat flux




Numerical results

Collapse of a beryllium shell (5, = ri5(oy /o))

008 009

00T 002 005 004 005 006 007 008 008 001 002 005 004 005 006 007
x x

000

008k [ o&rEn

ey

L . Pl oo
007 002 003 004 005 006 007 008 009 007 002 005 004 005 006 007 008 009 0007 002 005 004 005 006 007 008 009
x x x

Vo = 417.1 Vo = 454.7 Vo = 490.2
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6. Numerical results

Collapse of a beryllium shell (5, = ri5(oy /o))

Radius

Energy

"
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T8

Energy

Energy
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N

erical results

2D projectile impact (r, = ro(oy /o))

. S oy ey ————
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LGP (02)
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g |
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s | L | 025 , , '
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n schemes for continuum mecha



3D Taylor bar (7, = r(ay /o))

n: 0.057 0.285 0.514 0.742 0.970 1.199 n: 0.019 0.096 0.172 0.249 0.325 0.401

Plasticity map at time t =2-107% and t =8 -107>.
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Numerical results

3D Taylor bar (7, = r(ay /o))

0.035

N — — — - LGPR(02) 7,,=10°
B LGPR (02) 1,,=107
0.0325 |-
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Length
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N [ | |
2E-05 4E-05 6E-05 8E-05 4
time time
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Elastic vibration of a beryllium plate (ideal elasticity: 7 = 10%4)
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Elastic vibration of a beryllium plate (ideal elasticity: 7 = 10%4)

>
5
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LGPR (02)
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T
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. Numerical results

Twisting column (ideal elasticity: 7 = 10)

Walter Boscheri Implicit-Explicit Lagrangian schemes for continuum mechanics



Outline

@ Conclusions
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Conclusions and Outlook

Conclusions
@ a unified model for continuum mechanics in Lagrangian form

@ new second order updated Lagrangian finite volume scheme for ideal
and viscous heat conducting fluids and elastic and elasto-plastic solids

solver for stiff relaxation source terms
Implicit-Explicit (IMEX) scheme with Asymptotic Preserving property

Geometric Conservation Law compliant discretization

extended validation and verification test suite on unstructured 2D /3D
meshes
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Conclusions and Outlook

Outlook
@ extension to high order of accuracy in space and time
@ usage of curvilinear unstructured meshes

@ structure-preserving Lagrangian schemes for involutive PDEs
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Thank you!

walter.boscheri@Qunife.it

ﬁ W. Boscheri, S. Chiocchetti, |. Peshkov. A cell-centered implicit-explicit
Lagrangian scheme for a unified model of nonlinear continuum mechanics on
unstructured meshes.

Journal of Computational Physics 451: 110852 (2022).
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