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1. Introduction and motivation

Lagrangian methods

D

Dt
() =

∂

∂t
() + v∇()

J. Von Neumann, R. D. Richtmyer. A method for the numerical calculation of
hydrodynamic shocks.J. Applied Physics 21 (1950) 232-237.

Advantages

availability of trajectory information;

less numerical diffusion;

material interfaces are precisely located and identified.

Disadvantages

high computational cost;

mesh distortion.
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1. Introduction and motivation
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1. Introduction and motivation

Lagrangian methods (brief overview)
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2. The GPR model in Lagrangian formulation

Updated Lagrangian framework

Lagrange-Euler mapping

Figure: Lagrange-Euler mapping Φ relating a material Lagrangian point X at t = 0 and
a spatial Eulerian one x at t > 0.

B −→ β(t) Computational domain
X 7−→ x = Φ(X , t) Lagrange-Euler mapping
F(X , t) = ∇XΦ(X , t) Deformation gradient
J(X , t) = det (F(X , t)) s.t. J(X , t = 0) = 1 Determinant of F
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2. The GPR model in Lagrangian formulation

Updated Lagrangian framework

Measures of deformation

Decomposition of the total deformation gradient: F = FeFp

Effective elastic distortion: Ae = F−1
e

Infinitesimal frame Ae (local basis triad) that characterizes deformation
and orientation of the material particles.

Compatibility condition: ∇× Ae = 0

Metric tensor: Ge = AT
eAe

Deviatoric part: G̊e = Ge − 1
3 tr(Ge)I

Nonlinear (quadratic) compatibility condition.
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2. The GPR model in Lagrangian formulation

The Godunov-Peshkov-Romenski (GPR) model
(I. Peshkvo and E. Romenski. Cont. Mech. Therm. 2016)

Physical variables: Q := {ω, v,E , J,Ge}

ρ
dω

d t
−∇ · v = 0, (1a)

ρ
dv

d t
−∇ · T = 0, (1b)

ρ
dE

d t
−∇ · (Tv) +∇ · q = 0, (1c)

ρ
dJ

d t
+∇θ = −ρH

Ψ
, (1d)

dGe

d t
+Ge∇v +∇vTGe =

2

ρΘ
σ, (1e)

Notation
ρ mass density ω = ρ−1 specific volume
v = (u, v ,w) velocity vector T Cauchy stress tensor
E (ρ, p, v,Ge) total energy J thermal impulse
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2. The GPR model in Lagrangian formulation

Energy and Cauchy stress

Total energy: E = Eh(ρ, p) + Ee(Ge) + Eth(J) + Ek(v)

Eh = ε(ρ, p) Ee =
c2sh
4
∥G̊e∥2 Eth =

1

2
α2∥J∥2 Ek =

1

2
∥v∥2

Cauchy stress tensor: T = −pI+ σ

Pressure (hydrodynamic energy): p

Tangential stress: σ = −2ρGe
∂E

∂Ge
= −ρc2shGeG̊e

Remark. The spherical part of σ for our choice of the elastic energy is not zero
but scales as ∼ ∥G̊e∥2
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2. The GPR model in Lagrangian formulation

Equation of state (EOS) for Eh

ideal gas EOS

ε(ρ, p) =
p

ρ(γ − 1)
, θ =

ε

cv
, c20 =

γp

ρ
,

Mie-Grüneisen EOS

ε(ρ, p) =
p − ρ0c

2
0 f (J)

ρ0Γ0
, f (J) =

(J − 1)(J − 1
2Γ0(J − 1))

(J − s(J − 1))2
,

with J = ρ
ρ0
.

Neo-Hookean hyperelastic EOS

ε(ρ, p) =
G

4ρ0

(
(J − 1)2 + (log(J))2

)
, p = −G

2

(
J − 1 +

log(J)

J

)
,

where G = ρ0c
2
sh is the shear modulus.
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2. The GPR model in Lagrangian formulation

Closure for inelastic deformations and fluid flows

Relaxation function in the source term for Ge

Θ = τ1
c2sh
3
|Ge |−5/6

|Ge | = det(Ge) and τ1 is the strain relaxation time.

fluids → τ1 =
6µ
ρ0c2s

µ: dynamic viscosity coefficient

solids → τ1 = τ1 = τ10
(
σY

σ

)n
τ10, n: material parameters, σY : Yield stress

σ =
√

3
2 tr(σ̊

2), σ̊ = σ − 1
3 tr(σ)I

solids fluids
τ1 = ∞ elastic solids 0 < τ1 <∞, σ0 = 0 viscous fluids
0 < τ1(σ0) <∞ elastoplastic solids τ1 = 0, σ0 = 0 ideal fluids
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2. The GPR model in Lagrangian formulation

Heat conduction

Relaxation function in the source term for J

Ψ = α2τ20τ2, τ20 =
ρ

ρ0

θ0
θ
,

Consistency with second law of thermodynamics:

q = θH = α2θJ, H :=
∂E

∂J
= α2J.

Thermal perturbation propagation speed: c2h = α2

ρ20

θ
cv

Effective heat conductivity: κ = τ2α
2 θ0
ρ0

⇒ Fourier law: q = −κ∇θ

Notation
τ2 thermal relaxation time
θ temperature
α parameter related to the thermal propagation speed
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3. Cell-centered finite volume scheme on unstructured grids

Computational mesh and data representation

Unstructured grid composed of triangles or tetrahedra

f

xf

nfi

xi

Ti

cri

r r

xf

xi

Tri

Corner vector: cri =
1
d

∑
f ∈Fri

sf nfi such that
∑
r∈Ri

cri = 0

Cell mass: mi :=
∫

Ti (t)

ρdx

Cell average: ϕi =
1
mi

∫
Ti (t)

ρϕ dx
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3. Cell-centered finite volume scheme on unstructured grids

Fully discrete finite volume scheme

Physical balance laws IMplicit-EXplicit time discretization

ωn+1
i = ωn

i +
∆t

mi

∑
r∈Ri

ṽ∗r ·
1

6

(
cnri + 4c

n+1/2
ri + cn+1

ri

)
, (2a)

vn+1
i = vni +

∆t

mi

∑
r∈Ri

f̃ ∗
ri , (2b)

E n+1
i = E n

i +
∆t

mi

[∑
r∈Ri

f̃ ∗
ri · ṽ∗r +

∑
f∈Fi

q̂fi · nfi
n
snf

]
= 0, (2c)

Jn+1
i = Jni −

∆t

mi

∑
f∈Fi

̂θfi I · nfi
n
snf −∆t

Hn+1
i

Ψn+1
i

, (2d)

Gn+1
ei = Gn

ei −∆t
(
Gn

ei Li (ṽ
∗) + Li (ṽ

∗)T Gn
ei

)
+∆t

2σn+1
i

ρΘn+1
i

, (2e)

Trajectory equation
xn+1
r = xnr +∆t ṽ∗r . (3)
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3. Cell-centered finite volume scheme on unstructured grids

Explicit numerical fluxes

Numerical fluxes for the heat conduction

q̂fi · nfi =
1

2

(
(α2θJ)fi + (α2θJ)fj

)
· nfi − 1

2
|λf | (Efj − Efi) ,

̂θfiI · nfi =
1

2
((θI)fi + (θI)fj) · nfi − 1

2
|λf | (Jfj − Jfi) ,

with λf = max(ai , aj) and ai =
√
c20 + 4

3c
2
sh + c2h

∣∣∣∣
i

.

Discrete velocity gradient for the Gei equation

Li (v) =
1

|Ti |
∑

r∈R(i)

vr ⊗ cri ,
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3. Cell-centered finite volume scheme on unstructured grids

Nonlinear nodal solver

Subcell force balance (P.H. Maire, JCP 2009)

Mr ṽ
∗
r =

∑
i∈Tr

Mirv
n
i − T∗

i c
n
ri

with the discrete subcell matrix Mir and nodal matrix Mr given by

Mir =
∑
f∈Fri

zni s
n
f n

n
f ⊗ nnf , Mr =

∑
i∈Tr

Mir .

Subcell force definition: f̃ ∗
ri = cnriT∗

i +Mir (ṽ∗r − vni )

Implicit discretization for σ: σn+1
i = −ρn+1

i c2shGn+1
ei G̊n+1

ei

NB: the nodal solver must be coupled with the trajectory equation, the GCL and
the equation for Gei , in order to obtain xn+1

r , ρn+1
i and Gn+1

ei .

⇓
strongly nonlinear system
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3. Cell-centered finite volume scheme on unstructured grids

Nonlinear nodal solver

Picard iterative solver for l = 1, . . . ,L

ṽl+1,n+1
r =

(∑
i∈Tr

Mirv
n
i − Tl,n+1

i cnri

)
M−1

r ,

xl+1,n+1
r = xnr +∆t ṽl+1,n+1

r ,

ρl+1,n+1
i =

mi

|Ti |l+1,n+1
,

Gl+1,n+1
ei = Gn

ei −∆t
(
Gn

ei Li (ṽ
l+1,n+1) + Li (ṽ

l+1,n+1)T Gn
ei

)
+∆t

2σl+1,n+1
i

ρl+1,n+1 Θl+1,n+1
i

,

σl+1,n+1
i = −ρl+1,n+1

i c2shGl+1,n+1
ei G̊l+1,n+1

ei .

Fully implicit discretization for Gl+1,n+1
ei only!

(Exponential integrator (W. Boscheri et al., JCP 2022))
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3. Cell-centered finite volume scheme on unstructured grids

Nonlinear nodal solver

Stopping criteria

The material is an ideal gas → hydrodynamics limit

ϵl+1
h :=

∣∣∣∣∣Gl+1,n+1
ei −

(
ρl+1,n+1

ρ0

)2/3

I

∣∣∣∣∣ ≤ δ,

The material is a purely elastic solid → ideal elasticity limit

ϵl+1
e :=

∣∣∣Gl+1,n+1
ei −Gl+1,n+1

i,∗

∣∣∣ ≤ δ,

where Gl+1,n+1
i,∗ is the solution of the homogeneous equation for Gei .

Convergence is achieved between two consecutive iterations for any of the
following residuals (viscous flows and viscoplastic solids):∣∣ϵl+1

h − ϵlh
∣∣ ≤ δ,

∣∣ϵl+1
e − ϵle

∣∣ ≤ δ.
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4. Asymptotic analysis of the scheme
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4. Asymptotic analysis of the scheme

Asymptotic preserving properties

Application of the Chapman-Enskog expansion

ϕ = ϕ(0) + εϕ(1) + ε2ϕ(2) + . . .+O(εk)

up to the first order in ε2 and ε1 to Ji and Gei yields

Jn+1
i(0) + ε2J

n+1
i(1) − Jni(0) − ε2J

n
i(1) = −

∆t

mi

∑
f∈Fi

̂θfi I · nfi
n
snf −

1

ε2

θni

θ0

ρ0

ρn+1
i

(
Jn+1
i(0) + ε2J

n+1
i(1)

)
+ O(ε22),

Gn+1
ei (0)

+ ε1G
n+1
ei (1)

− Gn
ei (0)

− ε1G
n
ei (1)

= −∆t
[(

Gn
ei (0)

+ ε1G
n
ei (1)

)
Li (ṽ

∗) − Li (ṽ
∗)T

(
Gn
ei (0)

+ ε1G
n
ei (1)

)]
+

6

ε1

∣∣∣Gn+1
ei (0)

+ ε1G
n+1
ei (1)

∣∣∣5/6 (
Gn+1
ei (0)

+ ε1G
n+1
ei (1)

) (
G̊n+1
ei (0)

+ ε1G̊
n+1
ei (1)

)
+O(ε21).

Asymptotic analysis

Heat flux limit of the at 1-st order → discrete Fourier law
Viscous stress tensor limit at 0-th order → discrete viscous stresses vanish
Viscous stress tensor limit at 1-st order → discrete viscous stress of CNS
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5. Second order extension in space and time

Space: TVD piecewise linear reconstruction

Reconstruction polynomial: wn
i (x

n) =
M∑
l=1

ψl(ξ) ŵn
l,i (modal basis functions)

Reconstruction stencil: Si =
ne⋃
j=1

T n
m(j) with ne = d · M

Conservation principle: 1
|T n

j |
∫
T n

j

ψl(ξ)ŵc
l,i dx = Qn

j , ∀T n
j ∈ Si

Minmod limiter: ŵn
l,i = bi ŵc

l,i with bi = minr∈Ri bi,r

bi,r =


min

(
1,

Qn,max
i −Qn

i

wn
i (x

n
r )−Qn

i

)
if wn

i (x
n
r ) > Qn

i

min
(
1,

Qn,min
i −Qn

i

wn
i (x

n
r )−Qn

i

)
if wn

i (x
n
r ) < Qn

i

1 if wn
i (x

n
r ) = Qn

i
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5. Second order extension in space and time

Time: IMplicit-EXplicit Runge-Kutta time stepping

Splitting of the PDE:
dQ

d t
= Lex(t,Q,∇Q) + Lim(t,Q)

Lex(t,Q,∇Q) =


ρ−1 ∇ · v
ρ−1 ∇ · T

ρ−1 ∇ · (Tv + q)
ρ−1 ∇ · T I

−(Ge∇v +∇vTGe)

 , Lim(t,Q) =


0
0
0

−H/Ψ
2σ/(ρΘ)

 .

Second order IMEX ARS(2,2,2) with β = 1−
√
2/2

Q(1) −Qn

∆t
= β Lex(t

n,Qn,∇Qn) + β Lim(t
(1),Q(1))

Qn+1 −Qn

∆t
= (β − 1)Lex(t

n,Qn,∇Qn) + (2− β)Lex(t
(1),Q(1),∇Q(1))

+ βLim(Q
(1)) + (1− β)Lim(t

(1),Q(1)) + β Lim(t
n+1,Qn+1)

Remark. The same discretization applies to the trajectory equation:
dx

d t
= v
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6. Numerical results
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6. Numerical results

Convergence studies (hydrodynamics limit: τ1 = 10−14)
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6. Numerical results

Kidder problem (hydrodynamics limit: τ1 = 10−14)
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6. Numerical results

Sedov problem (hydrodynamics limit: τ1 = 10−14)
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6. Numerical results

Riemann problems with viscous fluids (µ = 1
6ρ0τ1c

2
sh)
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6. Numerical results

Heat conduction in a gas (κ = τ2α
2 θ0
ρ0
)
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6. Numerical results

Collapse of a beryllium shell (τ1 = τ10(σY /σ)
n)

V0 = 417.1 V0 = 454.7 V0 = 490.2
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6. Numerical results

Collapse of a beryllium shell (τ1 = τ10(σY /σ)
n)
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6. Numerical results

2D projectile impact (τ1 = τ10(σY /σ)
n)
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6. Numerical results

3D Taylor bar (τ1 = τ10(σY /σ)
n)

Plasticity map at time t = 2 · 10−5 and t = 8 · 10−5.
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6. Numerical results

3D Taylor bar (τ1 = τ10(σY /σ)
n)
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6. Numerical results

Elastic vibration of a beryllium plate (ideal elasticity: τ1 = 1014)
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6. Numerical results

Elastic vibration of a beryllium plate (ideal elasticity: τ1 = 1014)
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6. Numerical results

Twisting column (ideal elasticity: τ1 = 1014)
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7. Conclusions
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7. Conclusions

Conclusions and Outlook

Conclusions

a unified model for continuum mechanics in Lagrangian form

new second order updated Lagrangian finite volume scheme for ideal
and viscous heat conducting fluids and elastic and elasto-plastic solids

solver for stiff relaxation source terms

Implicit-Explicit (IMEX) scheme with Asymptotic Preserving property

Geometric Conservation Law compliant discretization

extended validation and verification test suite on unstructured 2D/3D
meshes
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7. Conclusions

Conclusions and Outlook

Outlook

extension to high order of accuracy in space and time

usage of curvilinear unstructured meshes

structure-preserving Lagrangian schemes for involutive PDEs
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Thank you!

walter.boscheri@unife.it
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Lagrangian scheme for a unified model of nonlinear continuum mechanics on
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