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Learning and control problems for interacting agent systems

|
Control and learning of interacting agent systems can be used to improve the
emergence of collective behaviors, or to enforce specific desired states.

Examples in socio-economy, biology and robotics are given by forcing
animals/humans/robots to follow a specific path or to reach a desired zone...

.. but also influencing consumers towards a given good, opinions, over social
networks, or (ideally) to prevent the spread of infectious diseases.
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m In this direction large interest has been shown to the so called mean-field
optimal control and mean-field games in several mathematical fields (game
theory, stochastic processes, analysis of PDEs, optimal control. .. ), and in
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Computational optimization in a data-driven environment

Develop feedback laws for
high-dimensional nonlinear dynamics
m employ efficient data-driven
approaches (MPC, ANN,
Ad Hoc Design PINNs )

m enhance : robustness and
real-time computability.

m promote sparse control action.

Model+Data—driven
Dynamic Optimization

DATA EFFICIENCY

Deep Reinforcement

Learning

LEVEL OF AUTOMATION
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Microscopic optimal control

High-dimensional optimal control

Let (z;(t), v; (1))}, € QN C R24XN evolves accordingly to

.
dt 1 3

N
d 1 1
—v; = S(’Ul) 4+ — E H(a:i,zj)(vj = ’Ui) + = E VW (ll‘z = (L‘Jl) + u;
dt Nj:l Nj;éi
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m S(v) is a self-propulsion friction term, e.g. S(v) = (a — B|v|?)v for t — co
gives us the desired velocity of the system |v| = y/a/.
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Microscopic optimal control

High-dimensional optimal control

Let (z;(t), v; (1))}, € QN C R24XN evolves accordingly to

.

dt 1 3

d 1 & 1

el COR > H(zi ;) (vj —vi) + E D> VW(las — a) + ui

j=1 JAi

m S(v) is a self-propulsion friction term, e.g. S(v) = (a — B|v|?)v for t — co
gives us the desired velocity of the system |v| = y/a/.
m H(-) is alignment kernel, e.g.
H(r)=(1+r*)7%>0
m W(.) is a attraction-repulsion kernel interaction, e.g. of power law potential

type
W(r) =7%/a—r’/b,a>b> 0.

mu=(ug,...,uy) € R4XN jg a stabilizing/control term,

T 1 N
u* :argmin/ *Z(|17*U¢|2+'y|ui‘2) dt
o NiH

ty of Verona
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Swarming dynami

Figure — Transition from unstable flocking to stable milling.
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Microscopic optimal control

High-dimensional optimal control

Microscopic optimal control

T N N
V(z, v, to) == min J (u;z,v,t0) ;:/ NZﬂ(x,-(t),vi(t))—f—'yz|ui(t)|2dt
to i=1 i=1

ueUN

L(z(t),v(t))

st @y =wv;, U = Fi(x,v) + ui, i=1,...,N

4. Richard E. Bellman, 57
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Microscopic optimal control

High-dimensional optimal control

Microscopic optimal control

T 1 N N
V(z, v, to) == min J (u;z,v,t0) ;:/ =D Ui (t),vi () +y D Jui(t)|?dt
e to N i i=1
Lz (t),v(t))

st @y =wv;, U = Fi(x,v) + ui, i=1,...,N

Optimal feedback law : u* = —%VUV(x,v,t)
Hamilton-Jacobi-Bellman PDE
1
oV (x,v,t) — @ (|VZV(x,v,t)\2 + |VWV(x,v,t)|2)

+v-ViV(z,v,t) + F(z,v) - Vo V(z,v,t) + L(z,v) =0, V(z,v,T)=0

Curse of dimensionality. * For N,d > 1 the computational effort renders the
problem unsolvable.

4. Richard E. Bellman, 57
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Mean-field optimal control

N>>1
Optimal Control Problem Mean-Field Optimal

with N agents Control Problem

5. A. Be
M. Fornas

oussan, J. Frehse, P. Yam ’13; M. Fornasier, F. Solombrino, ’13; G.A. Y-P. Choi,
D. Kalise, ’17, D. Lacker '16., M. Fornasier, S. Lisini, C. Orrieri, G. Savaré '18
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Mean-field optimal control

Mean-field optimal control

N>>1
Optimal Control Problem Mean-Field Optimal

with N agents Control Problem

Mean-field optimal co

Denote f = f(z,v,t) the density of particles and the control v = u(z, v, t), thus (f, u)
is obtained as follows

T
. PN = 2 o
i J(u; f )~—/0 /de (Iv — | +7¢(u)) f(z,v,t) do dv dt
st Of+v-Vef=-Vy (FIfl+w)f),  fz,v,0) =f0v).
where

Flfl(z,v,t) = /R?d F(z,v,y,w)f(y,w) dy dw.

and 1 (-) is a non-negative convex penalization function.

5. A. Bensoussan, J. Frehse, P. Yam 17
M. Fornasier, D. Kalise, ’17, D. Lacker

M. Fornasier, F. Solombrino, ’
-, S. Lisini, C. O

3; G.A. Y-P. Choi,
i , G. Savaré ’18
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Mean-field optimal control

Mean-field optimal control (first order optimality)

Otf +v-Vof ==V (FIfl+) f),
0tp+v-Vop = [0 — v + y9(u) — (FIf] + u) - Vop — G, 1]
’Yvuw(u) — Vup =0,

with initial data f(z,v,0) = fO(z,v) and terminal condition p(z,v,T) = 0 and
where

Glf.reo.t) = [ Plw.0) - Voplyw,0) (g, 1) dydo

6. G. A., Y-P. Choi, M. Fornasier, D. Kalise ’17.

7. M. Herty, C. Ringhofer ’19; M. Burger, R. Pinneau, C. Totzeck, O Tse, '19, F. Rossi, B.
Bonnet '19.
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Mean-field optimal control (first order optimality)

Otf +v-Vof ==V (FIfl+) f),
0tp+v-Vop = [0 — v + y9(u) — (FIf] + u) - Vop — G, 1]
’Yvuw(u) — Vup =0,

with initial data f(z,v,0) = fO(z,v) and terminal condition p(z,v,T) = 0 and
where

Glf.reo.t) = [ Plw.0) - Voplyw,0) (g, 1) dydo

= Derivation of optimality conditions in Wasserstein metric 7.

6. G. A., Y-P. Choi, M. Fornasier, D. Kalise ’17.

7. M. Herty, C. Ringhofer ’19; M. Burger, R. Pinneau, C. Totzeck, O Tse, '19, F. Rossi, B.
Bonnet '19.
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Mean-field optimal control

Numerical realization of mean field optimal control

Consider the following functional with quadratic penalization v (u) = |u|?

T
min J(ui )= [ [ (o= 0 +2luP) f@0,0) deav at,
w€EUy o JRr2d
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Numerical realization of mean field optimal control

Consider the following functional with quadratic penalization v (u) = |u|?

mmJu i) —/ / |v—v|2+'y|u| ) f(z,v,t) dzdv dt,

Reduced gradient method

Set the initial guess u®(v,t) = 0, tolerance tol and k = 0
while |VJ(uF) — VJ(uP~1)| > tol
m Solve the forward equation with u* for {
m Solve the backward equation with uk, f
= Update u**! = uF + o, VJ(uP);
— VJ(uF) = 2yu* — v, p¥ and oy, descent step.
mk=k+1.

k.
5
for pk

end while
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Mean-field optimal control

Numerical realization of mean field optimal control

Consider the following functional with quadratic penalization v (u) = |u|?

mmJu i) —/ / |v—v|2+'y|u| ) f(z,v,t) dzdv dt,

Reduced gradient method

Set the initial guess u®(v,t) = 0, tolerance tol and k = 0

while |VJ(uF) — VJ(uP~1)| > tol
m Solve the forward equation with u* for {
m Solve the backward equation with uk, f
= Update u**! = uF + o, VJ(uP);

— VJ(uF) = 2yu* — v, p¥ and oy, descent step.
mk=k+1.
end while

k.
5
for pk

Substituting the 2yu* — V,p* = 0 into the backward equation restitutes a
non-local HJ- equation

1
Op=1o—vf* - y” IVop|® — FLf] - Vop — G[f,p] + 0D(v)Aup

of Verona
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Mean-field optimal control

Optimal control of mean-field Cucker-Smale

H
P 0 5

t=0.01 t =03

P 0 5

t
‘
T 0 5

5
t = 0,01 t=03 t=15 _
R 6 . . 6 . . . t=3 ,
4 0 4 ] PR L)
2 2 ~ 1 2 N 08
=0 o =0 1119 =0 19 20 0
2 2 - | 2 . 2
e 2 .
4 10 -4 N 4 1, 0.5
6L 6L - - -6 - . 6L 4
-5 0 5 5 0 5 -5 0

a z r z

Figure — Cucker-Smale model : F(z,v,y,w) = H(|z — y|)(w —v). Top : evolution of the forward
model f(z,v,t). Bottom : evolution of the control u(z, v, t).




Supervised particle methods
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Taming c.o.d. via supervised kinetic control

MC simulations

Binary interaction system ‘
@w) = 0hw) \

Boltzmann equation ’

{v’ = v+n(P(v,w)+u,) Af(tz,v) = AQyu(f, f(t, 2, v)
w = w+n(Pw,v) + uy)
w~u= [u,,} _
Uy n=e
SDRE solution A=¢!
Supervised Learning Trained ‘ Mean field OCP ’
over {v®),w® u®)} ANN uy

3.f(t;,0) = =V - ((P[f] +u)f)

of Verona
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(Sub)-optimal binary approach

m Introduce the discrete binary interaction model
. ___________________________________________________________________________________________________ ]
o't =™ 4 AtF (2], v my vy ) + Atug”,

m+1 _ m m m m m m
v; =v; +AtF(:vj JVG S T Uy )+Atuj X

8. G.A., M. Herty, L. Pareschi, M. Zanella ’14-’15 ;G.A., Y. Choi, M. Fornasier, D. Kalise
’17-19; G.A., S. Bicego, D. Kalise ’21-'22.
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(Sub)-optimal binary approach

m Introduce the discrete binary interaction model

o' =0 4 ALF (a0, 2, 0T + At

m+1 _ m m m m m m
v; =v; +AtF(:vj JVG S T Uy )+Atuj X

m Design a functional associated to the discrete binary dynamics

M—1

tm41
T (uigsvgy) = Z/ L (vij (), uiz (t)) dt,
m=0"tm

where v;; (t) = (v (t),v;(t)), w;;j(t) = (u;(t),u;(t)), and

Lvijiuig) = |vi — 3% + lv; — 5% + 7 (9 (ui) + ¥(uyz)) .

8. G.A., M. Herty, L. Pareschi, M. Zanella ’14-’15 ;G.A., Y. Choi, M. Fornasier, D. Kalise
’17-19; G.A., S. Bicego, D. Kalise ’21-'22.
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O@00000000000000

(Sub)-optimal binary approach

m Introduce the discrete binary interaction model

ottt = 4 AtF(zi",vi" ;" v5") + Atug”,

m+1 _ m m m m m m
v; =v; +AtF(a:j JVG S T Uy )+Atuj X

m Design a functional associated to the discrete binary dynamics

M—1

tm41
I (g viy) 1= Z/ L (vij (), uiz (t)) dt,
m=0"tm

where v;; (1) = (v; (), v;(t)), w;;j(t) = (u;(t), u;(t)), and

L(vigiuig) = |vi = 0 + |v; — 0% + v ((w:) + $(uy)) .

# Compute the optimal feedback control for the reduced problem &

m m
ui = Kat(tm, ®i,vi, 25,0;),  uj = Kat(tm, 5,5, Ti, v;)

8. G.A., M. Herty, L. Pareschi, M. Zanella ’14-’15 ;G.A., Y. Choi, M. Fornasier, D. Kalise
’17-19; G.A., S. Bicego, D. Kalise ’21-'22.
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A Boltzmann-like model

‘We consider the binary dynamics where we assume that two individuals modify their
states, after the interaction, according to

]
o =v+ aF(z,v,y,w) + aK.(t,z,v,y, w)

’

w =w+ aF(y,w,z,v) + aK.(t,y, w, z,v)
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[e]e] Je]elele]e]e]e]e]e]e]e]o]e]

A Boltzmann-like model

‘We consider the binary dynamics where we assume that two individuals modify their
states, after the interaction, according to

]
o =v+ aF(z,v,y,w) + aK.(t,z,v,y, w)

’

w =w+ aF(y,w,z,v) + aK.(t,y, w, z,v)

= v, w* are the post-interaction velocities,
®m « is a parameter that measures the strength of the interactions
m For example in the case of instantaneous control we have

«

Ko(z,v,y,w) = ——
al@,v,y,w) T a?

(v —v) —aF(z,v,y, w)(w —v)) .
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A Boltzmann-like model

We denote with f = f(z,v,t) the density of individuals at time ¢t. Thus the
density f is solution of the following Povzner-Boltzmann-type equation

|
8tf+'U . sz = )\Qa,f\/(.ﬂ f)7

Qi) = [, (F-@ 01w ~ F)fw)) dydw,

Where ('v,’ w) are the pre-interaction states and J,; is the Jacobian of the
transformation (v, w) — (v/,w’). The Boltzmann-type operator in its weak form
reads

NQun (D =2 [ (eland!) = o) fla ) w)dody dyds

ty of Verona
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Grazing-collision limit

Theorem (Costrained grazing-collision limit)
Let us fix a control Un,, €U, F(-) € Ll20c' For € > 0, the grazing-collision scaling®
reads as follows
a =g, A= —
€

and define f¢(z,v,t) as a solution of the Boltzmann-like equation. Then, for
e — 0, f¢(z,v,t) converges pointwise to a solution of the “mean-field controlled
equation of the microscopic model, namely

Orf +v-Vaf ==Vo - (FIf1+KIf]) f),

where

Pl .0) = [ | Pleo,.0) (0w, 1) dydu,
KAl o) = [ K(@,900,050.0) dydw.

Where for € — 0, K¢ (z,v,y,w,t) = K(z,v,y,w,t) is well defined.

9. Toscani ’06, Villani 98.

omo Albi University of Verona



Offline phase
approximated controlled
binary interactions

Online phase
Monte Carlo simulation
of the evolving pdf

Super particle methods
0000080000000 000

Sample paired interacting agents, numerically solve the
controlled binary OCP and generate training dataset.

Train the FNN to approximate the feedback laws
ug,uy = u
At each discrete time tj,, coupled interacting agents are

randomly sampled from the current distribution f(tp, x).

For each couple, compute the uy/uy-controlled
post-interaction states.

The updated agent distribution f(tj1,x) is approximated
as the sampling distribution of the post-interaction states.
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Stochastic simulation methods

|
Coal : Simulate the binary constrained interaction dynamics with small values of
€ in order to approximate the original microscopic model.
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Stochastic simulation methods

|
Coal : Simulate the binary constrained interaction dynamics with small values of
€ in order to approximate the original microscopic model.

m We use a splitting method, evaluating in two different steps the transport
and collisional part of the scaled Boltzmann equation

af

E =—v-Vgf (T)
af 1

) (©
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Stochastic simulation methods

|
Coal : Simulate the binary constrained interaction dynamics with small values of
€ in order to approximate the original microscopic model.

m We use a splitting method, evaluating in two different steps the transport
and collisional part of the scaled Boltzmann equation

af

E =—v-Vgf (T)
af 1

) (©

= We define f™ = f(z,nAt), and we consider the foward discretization of the
collisional step

A A
o= (1= S e S

3
_________________________________________________________________________________|]

oL = o™ ALF (2™, 07, g™, w™) + ALK Ay (2™, 0™,y w™)
wn+1 =w" + AtF(yn7wn7xn7vn) + AtKAt(ynz Un»mnz wn)
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Accuracy and efficienc

m Precompute the feedback control law Ka¢(:, ).
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Accuracy and efficiency

m Precompute the feedback control law Ka¢(:, ).

m N, particles are sampled from f™, and interact
through binary interaction of the
high-dimensional integral, ta

m The cost is linear, O(Ns), and the accuracy
O(N;l/Q), independently from d.
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Supervised particle methods
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Accuracy and efficiency

m Precompute the feedback control law Ka¢(:, ).

m N, particles are sampled from f™, and interact

through binary interaction of the
C AR . +

high-dimensional integral, QA,-

m The cost is linear, O(Ns), and the accuracy
O(N;I/Q), independently from d.

m Collocation methods of order k have accuracy
O(N~*/d). DSMC methods are more efficient if
k<d/2.
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Supervised particle methods
[e]e]e]e]e]ele] Jole]e]elele]e]e]

Accuracy and efficiency

m Precompute the feedback control law Ka¢(:, ). N, = 105

m N particles are sampled from f™, and interact w i
through binary interaction of the iég%%
high-dimensional integral, ta ) e,

m The cost is linear, O(Ns), and the accuracy
O(N;I/Q), independently from d.

m Collocation methods of order k have accuracy
O(N~*/d). DSMC methods are more efficient if
k S d/2 10° 107 N 107! 10°

m The resulting algorithm is fully meshless.b.
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Supervised particle methods
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Instantaneous control

We reduce the original optimization into the minimization of

Jap = (|,Um+1 — % + ‘Ujm-!—l _ 5|2> + (P + [P

i

Thus the minimizers of the binary system are obtained as

u:(vi’vj) :S$7At(§ij): u;(viyvj) :S'I;,At(sji)v
where
) = (5 — o) — B pm ymypm _ m (v
513 (v’nv]) = (U CH ) 2 (vi ’vj )(vj v, )’ &]1 = Ez] ("-’J"Uz)
8,ail6)
= For p = 2 we have
At "
S2 == y
2 a0 = e :
m For p = 1 we have
1 __
Sl A (f) — At (1 At|§|) §7 ‘§| > 'Y/At: .
v,At .
0 otherwise /
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Supervised particle methods
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Finite horizon control

M-—1
V(vij, tm) := u;éflﬂ kz AtL(vi5(tr), wij (tr)), form=0,...,M —1,
=m

with terminal condition V(v ,tp) =0 .

10. A. Alla, M. Falcone, D. Kalise ’15.
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Finite horizon control

M-—1
V(vij, tm) := u;éflﬂ kz AtL(vi5(tr), wij (tr)), form=0,...,M —1,
=m

with terminal condition V(v ,tp) =0 .

Efficient solution via policy iteration 10 for moderate dimensionality d € {1, 2},
V(vij,tm) = inf {V(v;(uij),tmm + AtL(vij,uij)} sm=M-—1,...,0.

where v;; (u;) is a one-step update of the binary controlled dynamics. Thus

(u (tn) 5 (b)) = arg min { V(v (uig) b)) + AtL(vij,uig) | . (FH)
ui; €U

10. A. Alla, M. Falcone, D. Kalise ’15.
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Infinite horizon control

> Depe LQR
M—1 M—1
V(vij) :== inf At Z L(vi},ui}) = At Z (vZ”) vi7 + (ugy )TRu
uijelﬂ —o —0
m= m=

s.t. U:;’+1 = Ant(0ii 07} + Bat (v Juiy,
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Infinite horizon control

> Depe LQR
M—1 M—1
V(vij) :== inf At Z L(vi},ui}) = At Z (vZ”) vi7 + (ugy )TRu
uijelﬂ —o —0
m= m=

s.t. U:;’+1 = Ant(0ii 07} + Bat (v Juiy,

m Q, R € R24%2d gre respectively semi-positve and positive definite matrices.

mo Albi ive y of Verona



Supervised particle methods
0000000000000 00

Infinite horizon control

State Dependent LQR

M—1 M—1
V (viz) ::uiiréfu?At ZO L(vi},ui}) = At Zo(vzb) vi7 + (ugy )TRu
m= m=

s.t. U:;’+1 = Ant(0ii 07} + Bat (v Juiy,

m Q, R € R24%2d e respectively semi-positve and positive definite matrices.
= where Am = Aa(v]}), Bm = Bat(v]}) € R2dx2d 4

Am:(a ALF)g ALF, )

AtF[J”]Id (1— AtEm™) B = Atlzq
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Infinite horizon control

State Dependent LQR

M—1 M—1
V (viz) ::uiiréfu?At ZO L(vi},ui}) = At Zo(vzb) vi7 + (ugy )TRu
m= m=

s.t. U:;’+1 = Ant(0ii 07} + Bat (v Juiy,

m Q, R € R24%2d e respectively semi-positve and positive definite matrices.
= where Am = Aa(v]}), Bm = Bat(v]}) € R2dx2d 4

(1- At AtFD )
Am = M B = Atl
m ( AtF[J”]Id (1— AtF™M)y 2d
m Optimal feedback control Km = Ka¢(vf}) is
u! = —Kmv}?; Km = (R+ B,1LynBm) " B I Ap; II,, € R24x2d

omo Albi ive of Verona



Supervised particle methods
0000000000000 00

Infinite horizon control

State Dependent LQR

M-1 M—1
V(vij) :== inf At Z L(vy,ui;) = At Z (’UZL) vy + (ugy )TRu
uijelﬂ —o —0
m= m=
s.t. vf}"'l = Ant(0ii 07} + Bat (v Juiy,

m Q, R € R24%2d e respectively semi-positve and positive definite matrices.
= where Am = Aa¢(v]}), Bm = Bac(v]}) € R2d%2d 5

(1- At AtFD )
Am = ot B = Atl
m ( AtFlm]Id (1— AtF™M)y 2d
m Optimal feedback control Km = Ka¢(vf}) is

W} = —Knvl};  Km = (R+ B mBm) ' B, Iy Am; IL,, € R2dx2d

Discrete State Dependent Riccati Equation (dSDRE)

My = @ e AN M, Ay = AU M B (78 A B M B )™ B W Al

Efficient approximation is performed in a MPC framework for large d.

ymo Albi iversity of Verona
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Supervised learning approximation

Compute the high-dimensional feedback control ug(vs;) exploiting the universal
approximation property of NNs models 11

11. Cybenko,’89 Hornik et al. ’89-'91
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Supervised learning approximation

Compute the high-dimensional feedback control ug(vs;) exploiting the universal
approximation property of NNs models 11

m Sampling data. Sampled N, pairs in R? x R? of interacting agents
k k)
S= {Uij = (vi)vi)( )}k:pl’

and solve in an offline phase the frozen SDREs for S.

11. Cybenko,’89 Hornik et al. ’89-'91
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Supervised learning approximation

Compute the high-dimensional feedback control ug(vs;) exploiting the universal
approximation property of NNs models 11

m Sampling data. Sampled N, pairs in R? x R? of interacting agents

N.
S={vf = (vi,v) M}, 7,,
and solve in an offline phase the frozen SDREs for S.
m Generate synthetic data 7, = {vw ;u(v (k))} , Where

_RTIBTVV (o))

(k)
u(v})) = -

_ k k
vl LBV (ool (1)

where, based on SDRE rappresentation, we make the ansatz

V(v (k)) = v<k)TH v(k), VV(’[)E;)) & 2Hkv£f).

11. Cybenko,’89 Hornik et al. ’89-'91
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Supervised learning approximation

m We construct a feedforward NN to approximate the optimal feedback map

Input Hidden Hidden Hidden Output

layer layer 1 layer 2 layer K layer
Input 1 — OH Output 1
Input 2 —| O*} Output 2
Tnput n —| . . . O*} Output m

where

ug NN (@) =l o ... 0 by (a), Lr(x) = op(Wyx + by).
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Supervised learning approximation

m We construct a feedforward NN to approximate the optimal feedback map

Input Hidden Hidden Hidden Output

layer layer 1 layer 2 layer K layer
Input 1 — OH Output 1
Input 2 —| O*} Output 2
Tnput n —| . . . O*} Output m

O

where
ug NN (@) =l o ... 0 by (a), Lr(x) = op(Wyx + by).

m The parameters § = {W,., b}, are trained by minimizing the loss function

0 = argmin MSE(u,ug ") i= Z (i) —uf NN @))?
Np k=1
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Supervised learning approximation

m We construct a feedforward NN to approximate the optimal feedback map

Input Hidden Hidden Hidden Output

layer layer 1 layer 2 layer K layer
Input 1 — OH Output 1
Input 2 —| O*} Output 2
Tnput n —| . . . O*} Output m

O

where
ug NN (@) =l o ... 0 by (a), Lr(x) = op(Wyx + by).

m The parameters § = {W,., b}, are trained by minimizing the loss function

0 = argmin MSE(u,ug ") i= Z (i) —uf NN @))?
Np k=1

= The number K of layers and neurons, the activation functions o,,(-) are
hyper-parameters of the model optimally tuned via a grid search in the
parameter space by maximizing the precision of the trained model, by means of
minimization of the mean relative error (MRE).
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Consensus problem for swarming models d,, = 15

m The FNN has K = 3 hidden layers with 100 neurons per layer, and
o(z) = maxz(0, 2).
= Other approaches : Recurrent NNs (RNNs), and using NNs for the full

N . e ok * *
controlled state dynamics sg = ({rij,’vij).

—uncontrolled

Figure — Evolution of the two interacting agents’ restricted to the first 3 dimensions (left), decay
to consensus (centre), and energy decay (right).
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Optimal control of mean-field Cucker-Smale model

Model S;FNN S;RNN ug‘NN u(];NN
r? 0.99998 0.99999 0.99996 0.99998

MSE  0.075252  0.0069192  0.045596  0.018018

Coefficient of determination 7‘2, MSE and mean percentage error over a collection of

sampled states for dimension d = 15 and N, = 10°.

Table

d=15 N, = 102 Np =103 N, = 10% Np = 10°
ul NN 0.293578 2.447205 21.754862  2.2594 x 102
ugspre  2.3866 x 102 2.3738 x 103 - -

N, =107 d=3 d=1 d=15 d=30
ul NN 7.712628 11.006977  21.754862  70.172311
ugspre  1.1979 x 10%  5.2136 x 103 - -

Table — CPU times (seconds) for the pair of agents in R%4 when considering different number
of samples and dimensions. MC simulation parameters : At = ¢ = 0.01,7 = 1. The
omitted records exceeded a time threshold t,,qx = 24h.

University of Verona

mo Albi



Supe 1 particle methods
[e]e]e]e]e]e]e]o]o o]0 o e o]o] )

Control of mean-field swarming model (N

Figure — Uncontrolled dynamics in space and velocity.
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Figure — Controlled dynamics in space and velocity
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efficiently the control for high-dimensional systems. 13
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