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Let us consider scalar conservation laws
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Let us consider scalar conservation laws
ur+ f(u)x =0 u(x,t), xeR, t>0.

For linear problems
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the generalized L-W method is given by
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where the equailities u; = —au, are used to approximate the time
derivatives.
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Lax-Wendroff

Let us consider scalar conservation laws
ur+ f(u)x =0 u(x,t), xeR, t>0.

For linear problems
ur+ au, =0

the generalized L-W method is given by

r
Atk
um™t =yl 4 Z = 4,

1 1

where the equailities u; = —au, are used to approximate the time
derivatives. This procedure can be extended to nonlinear systems
by using the CK procedure Qui and Shu (2003) but the number of
terms in the expression of the time derivatives increase

exponentially.
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LAT-CAT

Zorio-Mulet-Baeza (2017) proposed the Approximate Taylor
Method that using the Taylor approximations in time circumvented
the Cauchy-Kovaleskya procedure

Ou= -0k (u), k=1,2...r.
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CAT scheme

LAT-CAT

Zorio-Mulet-Baeza (2017) proposed the Approximate Taylor
Method that using the Taylor approximations in time circumvented
the Cauchy-Kovaleskya procedure

Ou= -0k (u), k=1,2...r.

The numerical methods obtained following the AT procedure of
Zorio-Mulet-Baeza do not reduce to the LW methods for linear
systems: they use (4P + 1)—point stencils instead of

(2P + 1)—point ones. Carrillo-Parés (2019) proposed the Compact
Approximate Taylor Method that properly extend the LW methods.
It needs a stencil of 2P + 1 points and a family of interpolatory
formulas based on the 2P + 1 points.
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where
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) is the k — th time derivative of f in position x;
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CAT scheme

Properties

High order one-step in space and time;

e Conservative;

Local reconstruction;
CFL—1 stability condition;

Essentially oscillatory scheme.
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At
utt = uf + Ax (Fi—l/z - Fi+1/2) ;

where the flux is

Flap i 0lap~1 s=P....p
F:—l/2 if wll?+1/2 << 1, P = 2, e P.

1

A
Fi +

NI
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where the flux is

A Fiil/z if Y ,~1 s=P,...p
*2 Firip if ¢f+1/2<<1, p=2,...,P.

1
with
* 1 1 1 I
Fiiap = it1y2 Fivrp + (L= ©i1/0)Fil1)o-
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uftt=uf + Ax (Fi/il/2 - Fi/il/2) )
where the flux is

P : ~ _
FA. F,.Jrl/2 if w;-s+1/2w]., s=P,....p

+3 i p =
T2 F11/2 if wi+1/2<<1, p=2,...,P.

1
with
" 1 1 1 I
Fiiap = it1y2 Fivrp + (L= ©i1/0)Fil1)o-
in which

° Filil/2 is a first order robust numerical flux;
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where the flux is

P : ~ _
FA. F,.Jrl/2 if w;-s+1/2w]., s=P,....p

+ : P _
2 F11/2 if wi+1/2<<1, p=2,...,P.

i
with
Fiivpp = %0}+1/2 Fi1+1/2 +(1- 90}+1/2)Filil/2-
in which
F
o Fl

, is a first order robust numerical flux;

is the second order CAT?2 flux;
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FA. F,.Jrl/2 if w;-s+1/2w]., s=P,....p

+ : P _
2 F11/2 if wi+1/2<<1, p=2,...,P.

with
Fiivpp = %0}+1/2 Fi1+1/2 +(1- 90}+1/2)Filil/2-
in which
F+1/
i+1/2 is the second order CAT2 flux;
Fii1/2 is the CAT flux of order 2P

, is a first order robust numerical flux;
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Smoothness indicators

<p}+1/2 is an usual flux limiter function; Minmod, Superbee, Van
Albada etc., see Toro, Kemm ,Leveque.
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ACAT

Smoothness indicators

}+1/2 is an usual flux limiter function; Minmod, Superbee, Van

Albada etc., see Toro, Kemm ,Leveque.
How to estimate high order smooth indicators according the CAT

method for p =2,... P?

2
P _ Wit1/2
i+1/2 Wit1/2 + Tp

. w
w /+% i+3
i+1/2 — [ R
3 i
~1
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CATMOOD paradigm

invalid

local
solution

N

u cap | —[pPap] —=[NaD| —=ui"’
oca valid local

Cﬂnld'l‘_‘ﬂlc passed passed passed solution
solution

(a) Criteria (b) Cascade

Figure: Left: Detection criteria of the MOOD technique for a candidate
solution uf. Computer Admissible Detector (CAD), Physical Admissible
Detector (PAD) and Numerical Admissible Detector (PAD) — Right:
Order cascades of CAT schemes used in the MOOD procedure. Starting
from the most accurate one, CAT6, downgrading to lower order schemes,
and, at last to a 1st order accurate scheme employed to ensure
robustness.
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Governing Equation
2D Euler

8:U + 8 F(U) + 8,G(U) = 0

where
U = (p,pu, pv, pe)*
and
pu pv
2
Fuy=| ™ oP | s = |
puv puv +p
(pe + p)u (pe + p)v
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2D Numerical experiments ¢ diCatania

Governing Equation
2D Euler

8:U + 8 F(U) + 8,G(U) = 0

where
U = (p,pu, pv, pe)*
and
pu pv
2
Fuy=| ™ oP | s = |
puv puv +p
(pe + p)u (pe + p)v

p=p(p,e)=(y—1)(pe— %||u||2) which v the adiabatic constant
and u = (u,v).
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Isentropic Vortex

Initial condition

The computational domain is set to Q = [-10, 10] x [—10, 10].
Poo = 1.0, s, = 1.0, voo = 1.0 and p, = 1.0,
U=Usx +0U, V=V +0ov, TF=TL+6T"

B 1—1r? ﬂ 1—1r?
_ v
ou=—y or exp 5 L0V exp 5 ,
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2D Isentropic Vortex in motion - Rate of convergence

Rusanov-flux HLL HLLC CATMOODG6

N LY error order LY error order LY error order LY error order

50 x 50 8.44x1073 — 8.44x10 3 — 7.91x10°3 - 8.48x10 3 —
100 x 100 8.04x1073 0.07 | 8.04x10°3 0.07 | 6.86x1073 0.21 | 3.77x10°3 1.17
200 x 200 6.68x1073 0.27 | 6.67x10°3 0.27 | 5.31x1073 0.37 | 2.40x1077  13.94
300 x 300 5.71x103 0.36 | 5.71x10°3 0.36 | 4.53x1073 0.39 | 2.06x10"8 6.05
400 x 400 4.98x1073 0.47 | 4.98x10°3 0.47 | 3.86x1073 0.55 | 3.52x10°° 6.14

Expected 1 Expected 1 Expected 1 Expected 6

CAT2 CAT4 CAT6 ACAT6

N LY error order LY error order LY error order LY error order

50 x 50 7.94x10° 3 — 2.03x10~ 3 — 8.46x10 24 - 8.05x10 3 —
100 x 100 2.55x1073 1.64 | 1.42x1074 3.83 1.56x1075 576 | 8.28x10°3 0.11
200 x 200 6.12x107% 2.06 | 8.34x107°  4.00 | 2.41x1077 6.02 | 8.34x10°% 9.95
300 x 300 2.69x107% 2.02 | 1.64x107°  4.02 | 2.09x1078 6.03 | 1.05x10°% 5.14
400 x 400 1.52x1074 1.99 | 516x10~7  4.01 | 3.68x107° 6.03 | 2.48x10°° 4.93

Expected 2 Expected 4 Expected 6 Expected 6
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Sedov Blast Wave

Density

The domain is given by (x,y) € [-1.2,1.2]? initially
(0%, u®, VO p% v) = (1,0,0,10713,1.4). A total energy of
Eiota) = 0.244816 is concentrated at the origin.
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Sedov Blast Wave

Density

The domain is given by (x,y) € [-1.2,1.2]? initially
(0%, u®, VO p% v) = (1,0,0,10713,1.4). A total energy of
Eiota) = 0.244816 is concentrated at the origin.

45
CATMOOD6

CATMOOD6
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Sedov Blast Wave

Scatter plot

6 ACATE ACAT6
5- 5 /
4- 4
3r 3
2 £ 2
| s

! ___—vrﬂ"m !
0 = o —

o 02 04 06 08 1 12 o 02 04 06 0.8 1 12
6 ‘CATMOODé& 6 CATMOOD6
5 5
4 4
3 3
2
1
0

0 02
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2D Riemann

Initial condition

Configuration 6

p2 =2 u, = 0.75 p1 =15 u; = 0.75

Vo = 0.5 P2 = 1 Vi = —-0.5 P1 = 1

pP3 = Uy = —-0.75 P4 = 3 Ug = —0.75

vz =05 pp=1 vs = —0.5 py=1
Configuration 11

p2=05313 u, =0.8276 | p1 =1 up =0.1

V2:O p2:04 V1:0 p1:1

p3 =0.8 up =0.1 ps = 0.5313 us =0.1

V3:0 p2:04 V4:0 p4:04
Configuration 17

p2=2 U2=0. p1:1 U1:0

Vo = —-0.3 P2 = 1 Vi = —0.4 P1 = 1

pP3 = 1.0625 Uy = 0 P4 = 0.5197 Ug = 0

vz =0.2145 p, =0.4 vg =—11259 p,=0.4
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2D Riemann

Configuration 6

0.5

-0.5
-0.5
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2D Riemann

Configuration 11

-0.5
-0.5 0
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2D Riemann

Configuration 17

-0.5 ' -0.5 !
-0.5 0 0.5 -0.5 0 0.5

February 21" Catania
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Astrophysical jet
Mach 2000

Q =[0,1] x [-0.25,0.25], v = 5/3

(0. 0.0, g0y — [ (5:800,0,04127) if x = Oandy € [-0.05,0.05],
PtV (0.5,0,0,0.4127)  otherwise,
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Astrophysical jet
Mach 2000

Q =[0,1] x [-0.25,0.25], v = 5/3

(0. 0.0, g0y — [ (5:800,0,04127) if x = Oandy € [-0.05,0.05],
PtV (0.5,0,0,0.4127)  otherwise,

0.2 0.2 v B
0.1 1 0.1 1
> 0 > 0

1 R

0.1 0.1
-0.2 e -0.2 -3

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X

E. Macca February 21", Catania ACAT-CATMOOD 26 / 29

N

o
o

N
IN)

@




Workshop PRIN 2017

Conclusion

Table of Contents

4. Conclusion

E. Macca February 21", Catania ACAT-CATMOOD 27 / 29



Workshop PRIN 2017

Conclusion

Conclusion

e Fully-discrete finite-difference one-step scheme

E. Macca February 21", Catania ACAT-CATMOOD 28 / 29



Workshop PRIN 2017

Conclusion

Conclusion

e Fully-discrete finite-difference one-step scheme
e CFL—1 stability condition

E. Macca February 21", Catania ACAT-CATMOOD 28 / 29



Workshop PRIN 2017 / ta
Conclusion “¢ diCatania

Conclusion

e Fully-discrete finite-difference one-step scheme
e CFL—1 stability condition
® Qder-adaptive

E. Macca February 21", Catania ACAT-CATMOOD 28 / 29



Workshop PRIN 2017 / ta
Conclusion “¢ diCatania

Conclusion

e Fully-discrete finite-difference one-step scheme
e CFL—1 stability condition

® QOder-adaptive

® Expected order

E. Macca February 21", Catania ACAT-CATMOOD 28 / 29



cperime Workshop PRIN 2017 . (IiCataniil

Conclusion

e Fully-discrete finite-difference one-step scheme
CFL—1 stability condition
Oder-adaptive

Expected order
Robust

E. Macca February 21", Catania ACAT-CATMOOD 28 / 29



cperime Workshop PRIN 2017 . (IiCataniil

Conclusion

e Fully-discrete finite-difference one-step scheme
CFL—1 stability condition
Oder-adaptive

Expected order
Robust

E. Macca February 21", Catania ACAT-CATMOOD 28 / 29



Workshop PRIN 2017 / ta
Conclusion “¢ diCatania

Conclusion

e Fully-discrete finite-difference one-step scheme
e CFL—1 stability condition
® QOder-adaptive
® Expected order
® Robust
Future works:

e CATMOOD for systems of balance laws and well-balanced
version

E. Macca February 21", Catania ACAT-CATMOOD 28 / 29



Workshop PRIN 2017

Conclusion

Conclusion

Fully-discrete finite-difference one-step scheme
CFL—1 stability condition
Oder-adaptive

® Expected order
® Robust
Future works:

e CATMOOD for systems of balance laws and well-balanced
version

® Semi-implicit approach

E. Macca February 21", Catania ACAT-CATMOOD 28 / 29



Workshop PRIN 2017 / ta
Conclusion “¢ diCatania

Conclusion

e Fully-discrete finite-difference one-step scheme
e CFL—1 stability condition
® QOder-adaptive
® Expected order
® Robust
Future works:

e CATMOOD for systems of balance laws and well-balanced
version

® Semi-implicit approach

® Parallel implementation

E. Macca February 21", Catania ACAT-CATMOOD 28 / 29



Workshop PRIN 2017 / ta
Conclusion “¢ diCatania

Conclusion

e Fully-discrete finite-difference one-step scheme
e CFL—1 stability condition
® QOder-adaptive
® Expected order
® Robust
Future works:

e CATMOOD for systems of balance laws and well-balanced
version

® Semi-implicit approach
® Parallel implementation

® Finite-volume extension

E. Macca February 21", Catania ACAT-CATMOOD 28 / 29



Workshop PRIN 2017 / ta
Conclusion “¢ diCatania

Conclusion

e Fully-discrete finite-difference one-step scheme
e CFL—1 stability condition
® QOder-adaptive
® Expected order
® Robust
Future works:

e CATMOOD for systems of balance laws and well-balanced
version

® Semi-implicit approach
® Parallel implementation
® Finite-volume extension

® Non-conservative scheme

E. Macca February 21", Catania ACAT-CATMOOD 28 / 29



Workshop PRIN 2017

Conclusion

Thanks for your attention

E. Macca February 21", Catania ACAT-CATMOOD 29 / 29



	Compat Approximate Taylor Scheme
	Lax-Wendroff
	LAT-CAT
	CAT2P
	CAT2

	Shock Capturing Techniques
	A-priori
	A-posteriori

	2D Numerical experiments
	Governing equation
	Isentropic Vortex
	Sedov Blast Wave
	2D Riemann
	Astrophysical jet

	Conclusion

