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Introduction and Direct Simulation Monte Carlo methods

Monte Carlo integration

Consider the simple integral

I[f] = /[071]{1 flx)dz, d>1,

if z is a random vector uniformly distributed in [0,1]% we have I[f] = E[f(z)], where E[]
denotes the expectation. If {x,} is a sequence of pseudo-random vectors uniform in [0, 1]? then

N
Inlf) =5 3 Fan), Blinll = 117
n=1

For the law of large numbers it converges in probability!
lim In[f]=1I[f],
N —o0

and

I[f] = In[f] = oy N~ 2w, E[UI[f] = IN[/)?] = oy N7/2,
where ch2, is the variance of f and w is a normal random variable. Note that there is no
dependence on the dimension.
Remark: The convergence rate for a deterministic grid based quadrature is O(N /%) for an
order k method. Thus Monte Carlo is "better” if k/d < 1/2.

LW.Feller '71, R.E.Caflisch '98
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Introduction and Direct Simulation Monte Carlo methods

Reconstruction

Given a set of IV samples £1,&2,...,&N the probability density is defined by
1N
fl@) == 8z —&).
Ni=

The simplest method, which produces a piecewise constant reconstruction, is based on
evaluating the histogram of the samples at the cell centers of a grid

N
1 .
f(fﬁj+1/2):N§ Y —xq1/2), J=---,—2,—-1,0,1,2,...
k=1

where ¥(z) = 1/Az if |z| < Az/2 and ¥(x) = 0 elsewhere.
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Introduction and Direct Simulation Monte Carlo methods

The kinetic model

In the Boltzmann description of RGD, the density f = f(z,v,t) of particles follows the equation

%-ﬁ‘v Vaof = Q(f,f), z€QCR3veER? J

The parameter € > 0 is called Knudsen number and it is proportional to the mean free path
between collisions. The bilinear collisional operator Q(f, f) is given by

QN = [ [ Bl =il ) () = £ () dodes
where w is a vector of the unitary sphere S? C R3 and for simplicity the dependence of f on z
and ¢ has been omitted.
The collisional velocities (v',v’,) are given by the relations
/ 1 / 1
o= S lg), vl = (oo tlale),

where ¢ = v — v is the relative velocity.
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Introduction and Direct Simulation Monte Carlo methods

Collision details

The kernel B characterizes the details of the binary interactions. The classical Variable Hard
Spheres (VHS) model used for RGD simulations is

B(lg|,w) = K|q|¥, 0<a<1,

where K is a positive constant. The case a = 0 corresponds to a Maxwellian gas, while o = 1 is
called a Hard Sphere Gas.
The collisional operator is such that the H-Theorem holds

/IRS Q(f, f)log(f)dv < 0.

This condition implies that each function f in equilibrium (i.e. Q(f, f) = 0) has locally the form
of a Maxwellian distribution

u — vl|?
Mo, 1)) = 5Lz ex (— - ) ,

where p,u, T are the density, the mean velocity and the gas temperature

1
p= / fdv, pu= / fvdv, T =— / (v —w)?fdv.
R3 R3 3p R3
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Introduction and Direct Simulation Monte Carlo methods

Hydrodynamic equations

@ If we consider the Boltzmann equation and multiply it for the elementary collisional
invariants 1,v, |v|? and integrate in v we obtain a system of conservation laws
corresponding to conservation of mass, momentum and energy.

@ Clearly the differential system is not closed since it involves higher order moments of the

function f.

@ Formally as £ — 0 the function f is locally replaced by a Maxwellian. In this case it is
possible to compute f from its low order moments thus obtaining to leading order the
closed system of compressible Euler equations

@
ot
4]
ot (puj)
9B
ot

where p = pT.
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Introduction and Direct Simulation Monte Carlo methods

DSMC basics

Initialize system with particles (x;,v;), i = 1,..., N (sampling).
Loop over time steps of size At.

Create particles at open boundaries.

Move all the particles z; = x; + v; At (transport step).

Process any interactions of particle and boundaries (Maxwell’s b.c.).
Sort particles into cells.

Select and execute random collisions (collision step).

Compute average statistical values.
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Introduction and Direct Simulation Monte Carlo methods

DSMC for the collision step

@ We will describe the classical DSMC methods due to Nanbu in the case of spatially
homogeneous Boltzmann equations?.

@ We assume that the kinetic equations can be written in the form

af 1

i E[P(f:f)*ﬂﬂ,

where 1 > 0 is a constant and P(f, f) is a non negative bilinear operator s.t.

1 = v v v v) = v U2
;/RP(f,f)(vM(v)dvf/Rf( Yo(v)dv, B(v) = 1,0,0%.

@ For the BGK equation P(f, f) = uM (p,u,T)(v), for the Boltzmann equation in the
Maxwellian case

P, 1) = QF(f, (v / / bo(cos 0) £ (v') £ (v.) dw dv,
and p = 4mp.

@ The case of general VHS kernels is different and it will not discussed.

2G.Bird '63, K.Nanbu '83
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Introduction and Direct Simulation Monte Carlo methods

Nanbu's method (DSMC no time counter)

@ We assume that f is a probability density, i.e. p = fj';f flu,t)dv =1.
@ Consider a time interval [0, tmax], and discretize it in npo7 intervals of size At.
@ Let f™(v) be an approximation of f(v,nAt). The forward Euler scheme writes

n+1 __ 7/1’7& n me(fnvfn)
prat= (1= 22 g 2R T

@ Clearly if f™ is a probability density both P(f™, f™)/u and f**1 are probability densities.
Thus the equation has the following probabilistic interpretation.

@ Physical level: a particle with velocity v; will not collide with probability (1 — uAt/e), and
it will collide with probability 1At/e, according to the collision law described by
P(f™, f™)(w).
@ Monte Carlo level: to sample v; from f™+1 with probability (1 — uAt/€) we sample from
f™, and with probability uAt/e we sample from P(f™, f™)(v)/p.
Note that At < e/ to have the probabilistic interpretation. For the BGK model the algorithm is
straightforward since sampling from P(f, f)/u is simply sampling from a Maxwellian.
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Exponential methods

Outline

© Exponential methods

Giacomo Dimarco (Univ. Ferrara) Monte Carlo methods for kinetic equations



Exponential methods

Decomposition of the collision operator

Let us rewrite the collision step as

or _1 -
S =< [PU.) - ufl,

where P(f, f) = Q(f, f) + pnf and p > 0 is such that P(f, f) > 0.
By construction we have

1
= swrtna= [ swi.
©Jr3 R3
Thus P(f, f)/w is a density function and we take the micro-macro decomposition

P(f,f)/p=M+g.
Inserting the above decomposition into the collision step leads to
P(f, f)

o =g+ bor—p =& (BLD ) 4 L - ). J
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Exponential methods

Exponential Runge-Kutta methods

Let us consider a system of ODEs of the type

¥ =Gy)+AME—y), y(to)=uyo,

where G(y) =0< y=E and E' = 0.
The general form of an explicit exponential Runge-Kutta method is

Exponential Runge-Kutta

i—1
v = ey, 4 (1— e SMYE, + ALY AAA)GY D), i=1,...,v
j=1
Ynp1 = e My + (11— e MYE, + ALY Wi(AA)G(Y D),
=1
v

where ¢; > 0, and the coefficients A;; and the weights W; are such that
Aij(0) = a;5, Wi(0)=w;, i,j=1,...,v

with a;; and w; given by a standard explicit Runge-Kutta method called the underlying method.

Giacomo Dimarco (Univ. Ferrara) Monte Carlo methods for kinetic equations Catania, February 20-22, 2023 14 /39



Exponential methods

IF-RK methods

@ The two most popular approaches to get exponential schemes are the integrating factor
(IF) and the exponential time differencing (ETD) methods.

@ For the so-called Integrating Factor methods we have
AijAAL) = age GG Gy >
Wi (AAL) “(me)AAL

w;e N

@ The underlying Runge-Kutta schemes are characterized by the matrice A = (a;;) such that
the resulting scheme is explicit and the coefficient vector w = (w1, .., w,)T. The schemes
described can be represented by the so-called Butcher tableau

c A

wT

where the coefficients c used for the treatment of non autonomous systems, are given by
the usual relation ¢; = >7%_; ay;
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Exponential methods

Exponential schemes for the Boltzmann equation

@ When applied to the Boltzmann equation the first order IF-RK scheme gives

fn+1 — ef,u,At/Efn + MAte*#At/E P(f”, fn) 4 (1 _ e*ﬂ'At/E o H’Atef,u,At/E) M.
€ m €

@ Note that again the scheme is a convex combination of particle densities independently of
At/e and satisfies conservations, nonnegativity and asymptotic preservation.

@ Higher order schemes can be constructed in the same way. For instance a second order
IF-RK scheme based on midpoint is given by

n n
o= ef%fmrume,%t P(f™ f )Jr (1767% _ uAte,uTA;)M
2e 2e
- eJTAtfnJruAteJTA; Py L (1_67“5“ _ uAteJTgt)M
g g

@ |t is easy to verify that even this scheme is convex independently of At/e. So it satisfies
conservations, nonnegativity and asymptotic preservation.
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Exponential methods

Boltzmann equation: 4th order moment

Fourth Moment Relaxation. First order method. Hard Sphere.
107 T T T T

Fourth Moment Relaxation. Second order method. Hard Sphere

107 e T

6~ IFEM odie=4.

- IFEM odlie=2
8- IFEM odtie=1
-6~ IFEM odtie=0.5

L L L L . . L 10°!
0.05 o 015 02 025 03 035 04

=6~ IFEM ode=4
o~ IFEM odl
-6~ IFEM oo
-6~ IFEM odt/e=0.5

0.05 o 015 02 025 03
time

L2-error for first and second order IF scheme.

time
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Exponential methods

Sod test: heat flux for

q(x.t)

_4 I I I

Giacomo Dimarco (Univ. Ferrara)

Monte Carlo methods for kinetic equations



Exponential methods

Sod test: heat flux for

q(x.t)
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Exponential methods

heat flux for

q(x.t)
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Time diminishing methods

Derivation of the micro-macro model

@ The distribution function f is rewritten accordingly to the following decomposition

2
f=M+g, withM=—L_ex (_M)
T

@ Now, since M[U] and f shares the same first three moments, we have

U(t,z) = /]Rd m(v) f(t,z,v)dv = /]Rd m(v)M(t,x,v)dv,

@ Then the kinetic equation writes

v
atM+8tg+v~VzM+v~Vzg:—gg.

@ Denoting by ITj; the orthogonal projection in .4 (Lg) = Span {M7 vM, |v|2M} the null
space of the operator @

() = % [<so> I 7“”;” —we) ('v ;TUP - %) <<% - 1) <p>} M
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Time diminishing methods

The micro-macro model for the Navier-Stokes equation

@ The micro-macro model for the unknowns (g, U), equivalent to the kinetic BGK equation,
can be written as follows with 7¢ =v - V3¢

g+ (=) 7g =" [~g— ~(I =) TM].
U 4+ Vg - F(U)+ Vg - (vm(v)g) =0,

@ Let us consider now a second decomposition

f=fot+efi+g, with fo =M, and f1 = —( — )T M.

@ Injecting the above decomposition into the kinetic equation and applying the projection
operator ITys gives

M +1pr(v- Ve M)+ (v-Va(fi+9) =0

@ This is equivalent to the following equation on the moments U
U+ Vg -F(U)+e2U + Vg - (vm(v)g) =0,
with 2U = Vg - (vm(v)(I — pr) T M).
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Time diminishing methods

A new Time Diminishing Asymptotic Preserving class of

methods for kinetic equations Il

With the previous decomposition the microscopic part reads
v
Org + (I —I)(v - Vag) = ——(g+e( —Ia)(0cf1 + v Vafr)).

The scheme can be summarized by the following steps, at each time step t"

@ Solve the kinetic equation for the perturbation part using a particle method. This will give
the perturbation values at time (n 4 1).

@ Solve the macroscopic part with a finite volume method where particles are used to
evaluate the perturbation terms. This gives the moments value U™+,

@ Modify the perturbation g at time n + 1 to ensure the zero-moments property at the
particle level.

@ Eliminate particles with same speed and different sign in order to reduce the global
computational cost.
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Time diminishing methods

Solving the kinetic equation for the perturbation

We consider the solution in a time interval [0, At] by an operator splitting between transport
0tg+ Tg=0,

and the source terms respectively for the first and the second decompositions

14
Org = _?g +1y Tg— (I —Tp) T M,

Og =M Tg— g(g+€(IfHM)(3tf1 +v-Vazf1)).

The distribution g is approximated by a finite set of N particles

g(t,z,v) = wa x —wp())0(v — vk(t)),

where z(t) represents the position, vy (t) the velocity and wy = £m,, the weight of each
particle.

Giacomo Dimarco (Univ. Ferrara) Monte Carlo methods for kinetic equations Catania, February 20-22, 2023
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Time diminishing methods

Solving the kinetic equation Il

The transport step solves the characteristic equations, which corresponds to push the particles:
Z+1 =z} + Atwv}. The second part reads, for the first decomposition

At
gt =g - ?Vg”Jrl + Aty Tg™ — (I —p)TM™,

which gives

e/v At

e Pl M7,
e/v+ At E/l/ + At

and for the second decomposition

g

Aty
gt =g* - jgnﬂ + Aty Tg" —e(I — ) (Oef1 +v - Vafi)l,
which gives

n+1: 8/V * At P
g 6/1/+Atg +5/1/+At 1lg™ 7

where g* represents the solution after the transport step.
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Time diminishing methods

Monte Carlo vs Time Diminishing scheme : density profile

Densiy,asymptotc preserving tme diminising NS scheme,e-1-2 Densiy, MG schame, - 1e-2.

Densiy,asymptotc prserving tme diminising N scheme, e-1-3 Dernsiy, MG schame, e=1e-3
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Time diminishing methods

Number of particles employed for the solution

Number of particles APTD Euler and MC scheme Ratio of APTD Euler and MC scheme

o T
200 — —
18 [
——Mc
6 B
o008
1af 1
z
S 12f 4 oooosf
2
10F N
0004
s 1
W
s B o002
T USRS
af 1
P
0 001 002 003 0.04 0.05 0.06 0.07 0 001 0.02 003 0.04 005 0.06 007
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AP and time diminishing methods for the Boltzmann equation
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AP and time diminishing methods for the Boltzmann equation

A deviational Monte Carlo for the Boltzmann equation

@ The starting point is again the following decomposition
f(,t) = M(v) + g(v,t)
with [pa, ¢(v)g(v,t)dv = 0.

@ We rewrite the space homogeneous Boltzmann using this new variable g(v,t) as

a(geait/s) - é(P(M+9’M+9) *,uM)e#t/E

- é(P(M, M) + P(g,9) + P(M, g) + P(g, M) — uM ) e/

where we used the bilinearity property of the gain operator P.

@ By noticing that P(M, M) = uM, we finally have

8(96‘”/5)

> =~ (P(9.9) + P(M.g) + P(g, M) eH"/~.
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AP and time diminishing methods for the Boltzmann equation

A deviational Monte Carlo for the Boltzmann equation Il

@ Now by applying a first order explicit Runge-Kutta method we get

BAL _pAr (P(g",g”) + P(g", M)+ P(M, 9"))
—€ € .
e j

_ pAt
gn+l =e €

9"+

@ We divide the perturbation g into a difference of two positive parts:
g(’l),t) = gp(vvt) - gm(l), t)
where gp(v,t) := max(g(v,t),0) and gm (v,t) := —min(g(v,t),0).

@ In the above decomposition, both parts are positive, g,(v,t) > 0 and
gm(v,t) >0, Vv € Rév,

@ Consequently they can then be reinterpreted as probability distributions once suitably
normalized.
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AP and time diminishing methods for the Boltzmann equation

A deviational Monte Carlo for the Boltzmann equation Il|

Now, we can write

_uAt
gyt =gt =T (gp —gn)+
pAL _nat (P(g;?,g;?) + P(gy, M) + P(M, gp) + P(g&,gﬁ))
€ %
_ AL _pat (P(g}},gr’z) + Pgm, M) + P(M, 97,) + P9, 9 )
€ ju
Then, since P is positive, one deduces the equations for the g”'*'1 and g"+1
n+1 nAt n HAt _ pAt P(gpvgp)—"_P(gp?M)J’_P(Mgp)—"_P(gm:gm
g9p ' =e = g, +—e =
I
and
gl —e— B2t n n o ,uAt R (P(g;%g%)JrP(g?m M) + P(M,gy,) + P(gn, 9y )
m
I
We now approximate the two distributions g, (v, t) and gm (v, t) by a finite set of N, and Ny,

particles
Nyp(t)

P(Uft) ~m Z 6vp7k(t)(v)’
k=1

NVYL (t)

m Z 6“77L,k(t)(v)
k=1
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AP and time diminishing methods for the Boltzmann equation

A deviational Monte Carlo for the Boltzmann equation IV

@ Compute the initial velocities of the particles belonging to the approximation of g, (v,t = 0)
and gm(v,t =0): {vp,1(t=0),.., Vp, N, t =0}, {vm,1(t =0),..,vm,N,, (t =0)}.
@ fromn=1ton=ng,

I3

o discard ND,, = Iround ((1 e at uTA,fe_

N
€

IN, (1))
_ phte- “?‘)Nm(t)).

€

o discard ND,, = Iround ((1 — et
o sampling of P(g,g)/14: keep a fraction

NCi = Iround (”QTAte* uot (Np(t) + Nm(t))).
e sampling of P(g, M)/u: keep a fraction

NC, = Iround (%te*%“ (N, (1) + Nm(t))).
o sampling of P(M, g)/u: keep a fraction

NC3 = Iround (”Tme* n (Np(t) + Ng(t))).

@ end loop over time

The number of particles increases with time. Remedy have to be studied.
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AP and time diminishing methods for the Boltzmann equation

Discarding particles

@ In details, the collisional step causes the introduction of the following number of particles

Ne(t) = tround (e 2 (1) + Ny (D) 2 + /)

@ The total number of particles after one time step is consequently given by
LA
Np(t + At) + Ny (t + At) = Iround (e—% (Np(t) + N, (t))) + NC(b).

This means that the total number of samples may increase after one time step.

@ A method which reduces the number of samples at a cost which is close to linear with
respect to the number of samples is a density kernel estimate procedure which employ only
a subset of NC(t).

@ This density estimate is then used in an acceptance-rejection technique to decide which
samples can be eliminated without losing information in the solution.
Np(t) N ()

1 L vak(t)) 1 v — v ()
gp(v,t) = ———— Kh(i , gm (v, t) = —— Kp|—— ),
Il0) = G 2 » Im(vt) = T -

where Kj (v) is the kernel.
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AP and time diminishing methods for the Boltzmann equation

f(vx,vy,t=0)

Figure: Left image: shape of the initial distribution f(vz,vy,t = 0). Right image: Shape
of the equilibrium distribution M (v, vy). Bottom image: Shape of the initial
perturbation g(vg,vy,t = 0).
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AP and time diminishing methods for the Boltzmann equation

P(g,9): slice view P(g,M):slice view
0025 (©.9) 004 (g,M)
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Figure: Computation of the integrals P(g, g)(ve,vy), P(M, g)(vz,vy),P(g, M) (va,vy)
by the deviational and the spectral methods.
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AP and time diminishing methods for the Boltzmann equation

02 positive and negative parts of the lion: slice view 02 positive and negative parts of the ion: slice view

—(,0)

04 0.4

positive and negative parts of the perturbation: gp(vz, vy), gm(ve, vy)
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Conclusions

Conclusions

@ We have presented a series of Monte Carlo strategies to solve kinetic type
equations.

@ Exponential Runge-Kutta methods represent a very powerful technique which
well adapts to particle discretizations and preserve many properties of the
original equation.

@ Time diminishing methods are based on a suitable merging between Monte
Carlo approach and a finite volume methods.

@ Their statistical noise is smaller and it diminishes when the scaling parameter
€ decreases. They are uniformly stable with respect to the scaling parameter
as well as with respect to the space mesh size.

@ Their computational cost as well as their variance diminish as the equilibrium
is approached. They not need artificial transitions to pass from the
microscopic description to the macroscopic one.
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