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Introduction

Motivations

m Systems of advection-diffusion-reaction equations are responsible for most of
the computational cost of many models;

m the choice of a method that allows the use of large time steps is of fundamental
importance ;

= standard ways to achieve optimal efficiency : the use of implicit schemes or semi-
Lagrangian techniques for the advection step, coupled to implicit methods for
the diffusion and reaction step;

= a fully semi-Lagrangian scheme is more efficient than standard implicit tech-
niques ;
m in our work, we show how to obtain second order accuracy in time;

m we propose a treatment of Dirichlet boundary conditions.
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Semi-Lagrangian method for advection-diffusion-reaction

The equation

ct+u-Ve—vAc= f(c) (z,t) € x(0,T],
c(z,t) =b(x,t) (z,t) € 02 x (0,T7], (1)
c(z,0) =co () T € Q,
where :

m Q C R? is a bounded open set ;

m c: Qx[0,7] — R can be interpreted as the concentration of a chemical species ;

mu:Qx[0,T] — R? is a velocity field ;

= f(c) is a source term responsible for a nonlinear evolution of c;

m b: 90 x [0,T] — R denotes the boundary value of the species c.
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Semi-Lagrangian method for advection-diffusion-reaction

The representation formula

Feynman-Kac formula :

¢(z,) =E [co o)+ [ 7t ns) ., (2)
where y solves

dy (z,t;8) = —u(y (z,t;8)) ds + vV2wdW
y(z,t;t) = .
In (3) :
= W is a Brownian motion starting at 0;
m dW indicates the limit for At — 0 of the increments AW = Wy ay — Wh.
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Semi-Lagrangian method for advection-diffusion-reaction

Disctretization of the stochastic characteristics

To obtain a second order semi-discrete method in time :

= the interval [0, 7] must be discretized with a step At > 0 : we denote t* = kAt,
k=0,...,[T/At];

= the solution of (3) must be approximated with a second order method, such as
stochastic Crank-Nicolson (implicit)

Y1 (2) = yi (2) — % (u (yk,tk) +u (ka,t’““)) + VU ALAW,,

or stochastic Heun (explicit) :

vhir @) =i @) = 5 (0 (v t?) + (g0, #57) ) + VEIAIAWE,

with g, first order approximation of yx1.
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Semi-Lagrangian method for advection-diffusion-reaction

Disctretization of the stochastic characteristics

m AW}, is discretized using the following vectors :

(2): w=(2) w=( %),
(1) o=(3) (1)
ae(4) a=(2) w=(2),

m the distribution of the discretization of AW}, is given by :

€1

€4

a1 =4/9a2 =az=ag =as =1/9,a6 = a7 = ag = ag = 1/36.
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Semi-Lagrangian method for advection-diffusion-reaction

Semi-discrete method and fully discrete method

The semi-discrete scheme in time is :

9
"t (z) = Z ag (Cn (yn+1 (z)) + %f (e (yn+1 (x)))) —+ %f (c”+1 (z)) .
k=1

m Given Az > 0, we get a triangulation Ga, = {z; : z; € Q};

= an interpolation operator of degree p, I, [], must be chosen.

=Y o (ke () + G () (7)) ) + 507 (e07).

k=1
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Convergence analysis

For simplicity, we studied the convergence of the scheme for :
m a one-dimensional problem
m without boundary, i.e. Q@ =R}
m with a time-independent advection term w.

We’ll use the following notation :

c?'H = SatAs (c"+1,c",zi) ,forieZandn=0,...,N—1, (4)
ve @) = oS @) b ulus @) = Ve, 9
w(@) = -2 @) +ulo @), (6)

2
with a4 =1/6 e ag = 2/3.
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Convergence analysis

Consistency

Proposition

Assume u € C2 (R) e f € C* (R), and that there exist two constants K1 and Ko,
independent from x and t, such that |f(™) (z)| < K1 for m < 4 and

[ul™) (z) | < K2 for m < 2; let c(x,t) be a classical solution of (1). Then, for all
(i,n) € Z x{0,...,N — 1} the consistency error of the scheme

1
Tat,aq (@i, t") = At (e (zi,t" ) — Sar,ae (c (@), c (£ 23, t7)),

where ¢ (tn) = (c(zi,t™)),, is such that

3

AzxP
2 (@) =0 (A2 + — ).
Tat, Az (z,1) ( + At)
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Convergence analysis
Stability

To prove stability we write the method in matrix form :
At At
n+1 _ =% n+1y) _ B.c™ = B.c"
c 2f(c ) Zk:ak[kC-FQf( kc)]7
where by, ;5 = ¥; (Y (2;)), with +; basis function.

Proposition

Assume f (z) € C* (R), and that there exists a constant K independent from x
and t such that |f(™) (z)| < K for m < 4. Then, for each k, there exists a
constant Cp > 0 independent from Az and At such that

IBll <1+ CpAt.
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Convergence analysis

Convergence

Theorem

Assume the ezistence of a classical solution of (1), that f (z) € C*(R) and

u(z) € C? (R), and that there exist two constants K1 e Ko, independent from x
and t, such that |f(™) (z)| < K1 for m < 4 and |[u™ (z)| < Ka for m < 2. Let
c(z,t) be the classical solution of (1) and (c?) the solution of (4). Then, for all
n such that t™ € [0,T], as (At, Az) — 0,

AxP
tn) — 2 <C A2+ =),
le(ta) - <"l < 0 (A + )

where C' is a positive constant depending on T'.
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Dirichlet boundary conditions

Existing methods for treating Dirichlet boundary conditions are :
m of first order and not generalizable to multi-dimensional problems;
m of order one half, adaptable to all space dimensions.
Our method consists in constructing two meshes :
= the first given by Ga, = {zi,z; € Q};
m given an h > 0, we consider a second mesh, G, = {vi, v; € ﬁ}, only built around
the boundary and made up of triangular or rectangular elements. On each of

those elements we consider the following degrees of freedom : the vertices, the
midpoints of the edges and the the center of mass.
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Dirichlet boundary conditions

Then, for each (v;) € G, :
m if the point is inside the domain, then the solution is obtained by interpolation ;

m if the point is on the boundary OS2, then we set the Dirichlet condition on that
point.

If, for some k and some 4, one of the characteristics falls outside the domain
(yF ¢ Q), then :

= we compute its projection P (y¥) on Q;

= the numerical solution on P (yf) is approximated by a quadratic polynomial,
built using basis Pa or Q2 associated to Gj,.
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Dirichlet boundary conditions

Figure — Example of grids Ga, and Gj on a squared domain
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Dirichlet boundary conditions
Analysis

m Let h > max; |yiC - xl|
u h is of order O(At1/2) for v > 0, it is of order O(At) if v = 0.

m Let the extrapolation be performed with Ne, + 1 evenly spaced nodes & with
step h. Then there exists a certain C' > 0 such that for characteristics falling
in this strip of width C outside of €2 the scheme remains stable.

m It is possible to prove that with our proposed treatment of the boundary condi-
tions the truncation error becomes

AxP
Tat,az (z,1) = O (hNew+1At2 + Tmt) )
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Numerical tests

We tried our method on different simulations :

m advection-diffusion equation with constant velocity field and non-homogeneous
Dirichlet boundary conditions ;

= advection-diffusion equation with rotating velocity field and non-homogeneous
Dirichlet boundary conditions;

m Allen-Cahn equation with periodic boundary conditions;

m advection-diffusion equation with non-homogeneous Dirichlet boundary condi-
tions on a non-convex domain.
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Numerical tests

Constant advection

The problem setting is :
m the domain is Q = (—1,1) x (—=1,1);
= the velocity field is u = (1,0);
= the diffusion coefficient is v = 5 - 1072

= the initial datum is a gaussian distribution centered in (zo,yo) = (0.5,0) with
standard deviation o = 0.1}

= the boundary condition is given by the exact solution of the problem :

(z—20—t)*+(y—y0)*
IOSXP{ g(a2+2yt) © }

C(x»yrt): 1+21//O’2
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Numerical tests

Constant advection - errors

In the table C' = L\‘“z%a;(l“‘. The value of u = 2L is greater than 0.5 in every

. R Az
simulation.
AZmaz AZmin At Cmin Cmax h l2 P2
0.04 0.015 0.1 2.50 6.67 0.50 7.79 1073 -
0.02 0.0075 0.05 2.50 6.67 0.17 | 6.57-10"% 3.58
AZmaz AZpin At Cmin Chaz h lo p2
0.04 0.015 0.05 1.25 3.33 0.50 7.35-10=3 -

0.02 0.0075 0.025 1.25 3.33 0.17 | 3.76-10~% | 4.29

AZmax AZpin At Crmin Crmaz h lo p2
0.04 0.015 0.025 0.625 1.67 0.50 8.35-10~3 -
0.02 0.0075 0.0125 0.625 1.67 0.17 | 2.64-1071 4.98

Elisa Calzola University of Verona 22nd February
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Numerical tests

Constant advection - plot

Figure — Comparison between numerical solution and exact solution

(a) Numerical solution (b) Exact solution
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Numerical tests

Constant advection - video
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Numerical tests

Rotating velocity field

The problem setting is :

the domain is Q = (—1,1) x (=1,1);
the velocity field is u = (—27y, 27z) ;
the diffusion coefficient is v = 5 - 1072

the initial datum is a gaussian distribution centered in (zo,yo) = (0.5,0) with
standard deviation o = 0.1}

the boundary condition is given by the exact solution of the problem :

(z—2()>+(y—y(®)?
106Xp{ 2(a2+21/t) }

C(w’:%t) = (8)

1+ 2v/0?

with z (¢) = zo cos 2wt — yo sin 27t and y (¢) = zo sin 27t — yo cos 2mt.
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Numerical tests

Rotating velocity field - errors

In the table C = A“Z%a;(lu‘. The value of p = A“g is greater than 0.5 in every

. R Az
simulation.
AZmaz AZmin At Cmin Cmax h l2 P2
0.04 0.015 0.05 7.85 20.94 0.50 5.62 - 102 -
0.02 0.0075 0.025 7.85 20.94 0.17 1.49 102 1.91
AZmax AZpmin At Crmin Crmaz h lo p2
0.04 0.015 0.025 3.92 10.47 0.50 1.49-10—72 -

0.02 0.0075 | 0.0125 3.92 10.47 | 0.17 | 3.43-1073 | 2.12
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Numerical tests
Rotating velocity field - plot

Figure — Comparison between numerical solution and exact solution

(a) Numerical solution (b) Exact solution
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Numerical tests

Rotating velocity field - video
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Numerical tests

Allen-Cahn equation

For the test on the Allen-Cahn equation we have the following data :
m the domain is © = (0,1) x (0,1);
m the velocity field is constantly zero and there is a reaction term :
ct =vAc—c +¢ (9)
= we used diffusion coefficients v = 5-10~2 and v = 1072
m the initial datum is :
co (z,y) = sin (27x) sin (27y) ; (10)

m periodic boundary conditions.
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Numerical tests

Allen-Cahn equation - errors

m There is no exact solution for this problem : we computed the errors using
a reference solution computed by a pseudo-spectral Fourier discretization in
space and a fourth order Runge-Kutta scheme in time;

m in this problem there is no velocity field : this means that there also is no
Courant number. In the tables, we report the value of p = 2%

Ax?
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Numerical tests

Allen-Cahn equation - errors

Az At M l2 loo P2 Poco
0.04 0.1 062 | 2.82-1072 | 4.01-102 - -

0.02 | 0.05 | 1.25 | 7.13-1073 | 847-10~2 | 1.98 | 2.24
0.01 | 0025 | 25 | 1.97-10=3 | 2.20-10=2 | 1.86 | 1.94

Table — v = 0.05

Ax At m lo loo P2 Poo
0.04 0.1 062 | 1.10-1073 | 1.31-1073 - -

002 | 0.05 [ 1.25 | 2.72-10~% | 2.98-10-% | 2.02 | 2.14
0.01 | 0.025 | 2.5 | 6.53-10"° | 7.06-10~° | 2.06 | 2.08

Table — v = 0.01
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Numerical tests

Non-convex domain

= The domain is Q@ = [0, 1] x [0,0.4] \ Brq (z0, y0), with 7o = 0.05 and (zo,y0) =
(0.1,0.2) ;

m the velocity field is

3 3 2 3
- uory  3uorg (z — x0) 3rguo (z — x0) (y — y0)
u (x7y) - <’LL() + o 3 27"5 » T 27‘5 ’

in which ug = 0.2 e 72 = (z — z0)? + (y — o)
m the initial datum is
y (0.4 —y) g5z if (z,y) € {0} x [0,0.4]
co(z,y) =41 if (z,y) € 9By (x0)
0 otherwise.
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Numerical tests

Non-convex domain

= we used a diffusion coefficient v = 1073 ;

m we imposed the following Dirichlet boundary conditions :

y(04—y) 55 if (z,9) € {0} x [0,04], t € [0,T]
b(z,y,t) =41 if (z,y) € 9By (x0), t €[0,T]
0 on the rest of 9 for t € [0,T].
For this problem we don’t have an exact solution : the simulations show a

numerical solution that’s coherent with our expectations, don’t show any
oscillation or instability near the boundary (where we used the extrapolation).
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Numerical tests

Non-convex domain - mesh

Figure — Mesh implied for the simulation
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Numerical test

Non-convex domain - velocity fiel

Figure — Velocity field used in the simulation
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Numerical tests

Non-convex domain - video




m We proved that, for advection-diffusion-reaction equations, second order accu-
racy can be achieved using a semi-Lagrangian approach ;

= we implemented a form of boundary condition treatment that (numerically)
maintains the second order;

m everything can be generalized to systems of advection-diffusion-reaction equa-
tions;
m in future developments, the proposed method can be extended to higher order

discretizations and will be applied to the development of second order fully
semi-Lagrangian methods for the Navier-Stokes equations;

m efficiency improvement for the unstructured implementation of the scheme can
be achieved !.

1. Cacace, S., Ferretti, R., Efficient implementation of characteristic-based schemes on
unstructured triangular grids, Comp. Appl. Math., 2022.
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